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Abilities in that extenſive Branch of Erudition ©. = 
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that Candour and PN 


Impartiality W diſtinguiſhed his Pen in 


his various Literary Departments . and that Readineſs = 
to encourage even the fainteſt Endeavours which tend to OM 


the Promoting: of Scientific Knowledge : Diſpoſitions _ 


that will raiſe him a far more noble Monument to Poſterity, = 
than that conſpicuous Station in the Mathematic World he 8 85 
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\ wh pita « of ſtficits Series is not only one ler the "oY =_ 
E confiderable, but alſo one of the moſt ancient branches of the __ 1 
Mathematics ; though concealed under various forms and names. | = 
It has its origin in the very nature of things; ſince we cannot poſ- | 
fibly aſcertain the properties and relations of magnitudes of whatſo- _., —_— 
ever kind, without calling in its aid in ſome view or other in the — 
compariſon of their dimenfions. Accordingly we firſt diſeover it Ei 
=: 2M Euclid's tepth book, when he begins . to treat of Incommenſura- 
= _  bles3? n and upon which principle he Has alſo given" the detnonſtra- 
N tions of ſeveral þropoſitions' in in the twelfth book concerning the 4 : 
circle, and the relative proportions of the ſphere, cone and cylin- | 
er. The ſame principle we find purſued alſo by Archimedes in 
IS Cu Mere enris. and other treatiſes, under the name of Exhauſ- 
= tions; by which he has demonſtrated ſeveral uſeful propoſitions re- 
= hating to thee circle, ellipſe and parabola; as alſo to the cone, WL, 
ſphere, ſpheroid, parabolic and hyperbolic conoids, the ſpiral 
ſpaces, &c. Having in his tenth and eleventh propoſitions of ſpiral 
ſpaces inveſtigated the ſum of all the terms of a progreſſion of 
ſquares, where the roots conſtitute an arithmetical ae enten me: 
the common difference i is equal to the firſt term. A e 
In this ſtate in Doctrine of Infinite Series remained till the year- 
I 635 „ wheg Ca erigs . publiſhed his Geometria Indivifibiliam,' in. 
which he has oy ered it in a ſomewhat different light under the 


name of Ivdivifibles. © But the foundation upon which this method 


0x”. 
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is built ſeems not to be riftly . as the notion of indivi- 
ſible parts is hard to be digeſted; and in ſome caſes it is rather un- 
certain, which can only be proved by reducing the demonſtrat ion 
to the apogogical form of the ancients. After Cavallerius, and his 
pupil Torticellius who alſo publiſlied a treatiſe oil this Wdject i in 
1644, the Doctrine of Series was much enlarged and promoted by 
| ſeveral famous men in the mathematical way; among theſe were 
Des Cartes, Fermat, Huddenius, Huygens, Barrow, and Wallis; 
the laſt of whom conſiderably improved it, under. the.zitle of The 
Arithmetic of Infinites, in his. treatiſe publiſhed i in the year 1656. 
In this work, by purſuing a method fimilar to that of Archime edles, 
though extended to a much greater length, he ſhews how to find 
not only the ſum of the ſquares, but of any poy werd. or roots. wha 7 
ſoever of an arithmetical progreſſion; and thereby compares int 
Hite numbers of curvilinear areas with right -lined figures, and with 
each other. Mr. James Gregory in his treatiſe intituled Vera | 
Cireulis t Hyperbole. Vadratura, printed at Padua, in, 1667, and 
the year following re-printed. at Venice, and pub) 1ſhed with anothec 
piece on the transformation of curves, ſhews a peculiar method « of 
Converging Series, in which he ſuppoſes the terms of the ſeries t. to 
proceed by pairs, the differences of which. continually leflen ;..and nd. 
when the number of terms become infinite, the difference guite Va- 
niſhes, and the two terms become equal; either of which 1 18 Ve: 
fore the ſum or quautity. ſought. ,. He gives afterwards, anoth . 
form of Converging Serics conſiſting of vmple terms, to Thich cha 
other may be reduced. And about this time ; Nichol as ercatot. 
alſo ſbewed a method of ſumming an infinite ſeries, by which he 
accompliſhed the Quadrature of the Hyperbola. | But; the meth hoch 
of Converging Series given us by the great Sir Iſaac Newton, Ni 
much the advantage of either Gregory's or Mercator 85 the inveſti. 
gations being much, more general, as well as the relations.of Fs, 
terms. ind which the ſeries are compoſed ;. as may be een in h his, 
1 treatiſe 


P R E F & G. E. . 
treatiſe intirale3 The Method of 'Flaxiani\and-Infinite-Series, tranſlated 
and publiſhed by Mr. Colfon in 17369 dl ſo inchis Aualyſis by Equa- 
_ tions''of an minite Number of Terms; and his Lad alures. both 
 trafiflared: and publiſhed by Mr. Stewart in 1745. For the method 
of Prime and Ultimate: Ratios, or Fluxions, far excecded any thing 
that had been done before, both in regard to its extenſive applica- 
tion, and the conciſeneſs of its demonſtrations: Though it muſt be 
acknowledged that, as this method is obviouſly founded on the 
fame principles as that of Exhauſtions, being at firſt chiefly iutro- 
duced to avoid the tedidus method of demonſtration therein, called 
ducent ad abſurdum, the ſame objections may therefore be made 
againſt both; which I Have reinarked in my Rationale of Circulating 
Numbers. And indeed we may truly condude with Mr. Stewart, 
that in the elaborate works of that penetrating genius Archimedes, 
may be diſcovered the foundatien not only of the method of Ex- 
hayſtions, but alſo of Indivifibles; Inſinitgſimalt, Iacrements, Differen- 
Mul, and even of Prime and Ultimdte Ratio, or Flurians; all which 
ars evidently nothing more than the * of * Series 
eotiſidiersd in different. views: : 
After our fecond Archimedes had publiſhed his —_ of Flux- 
ions, and Infinite Series were frequently produced by their applica- 
tion to the: ſolutions of problems, the ſummations of thoſe various | 
kinds ef Series began to be particularly attended to; but none avere 
found ſo untractable as thoſe propoſed to be treated in the following 
pages hen the terms are affected with algebraic dwifors. - For 
mere is net perhaps in the whole extent of abſtradted mathematics 
4 He more abſtruſt, or upon which the greateſt mathematicians 
have more employed! their endearours, than the ſummations of 
theſe ſpecies of ſeries. Vet, notwithſtanding thoſe great lumina- 
ries in the mathematical ſciences, Leibnits, the Bernoulles, Taylor, 
Montmotte;” "MSivre, Goldbach, Stirling, Mac-Laurin, Nicolas, 
Euler, Riccati, Simpſon, and {ſeveral others, have particularly diſ- 
71 4 | cuſſed 


*% 
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cuffed: them, they have ſtill oome much ſhort of that perfection 
they are capable of being brought to. For though. it muſt be ac: 
Enowledged, that our cduntryman the late Mr". Simpſon has carried.” 
the ſubject much farther in his Mathematical Differtations, than 


os any other writer before him; yet, whoever compares the method 
purſued in this treatiſe with his, cannot long heſitate in giving our 


vii. 


wih the generality of his concluſions .. 


ſally allowed great men have not ſo well ſucceeded in this btanch 
5 | of the analytic art, have been the impropriety and t6{rrowoſs;of | 
their methods of \inveſtigating the Formulæ for the ſummaticus. 


with a General Expreffion, or Algebraic Sum, it has been thought 
by all of them eſſentially requiſite That the terms be divided 
by two or more ſimple factors, conſtituting in the ſeries the fame 
arithmetical progteſſion *. . — Bat in the following pages it is 
plainly ſhewn how an infinite ſeries may be propoſed which hath not 
theſe properties, and yet admits of an Algebraic Expreſſion for the 
fum.——+# That the greateſt exponent of the indeterminate quan- 

tity in the numerator, be: at leaſt two degrees lower than the greateſt; 

| | 7 eng bis as 

alſo clearly proved not to be general, as ſome ſeries having that pro- 
perty ate ſhewn to have no reſtricted ſum; while others which dif 
agree in that reſpect are capable of being ſummed, either algebra 
ically, or by the help of the moſt common quadtatyres,: And a 
method is pointed out how to diſtinguiſ with caainty. u 


the . ſeries of thivordes be nnn e ee Sat 
| n an e 1 3 to. 221934}. Stacli 
. Rica in Prafat. W 0995300 leinen 3 £4 8871 
* Riccati cap. III. pag. 75. Stirlingius Tad. de Sum. 8 Pa. 2. Stone 6 
Math, Dia. Series, Simpſon's Math. Diſlert. Fe 16. S 1 . 
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Author's the preference, both with'refpeR to the . of his 


The principal reaſons, Mr. Lorgna obſerves, that e 8 


Fot, in order that theſe ſpecies | of ſeries may not be mcomptible. 5 


„ ® E 5 "wt 0 LY . 
11 bas evils been afſerted by et yiriters on this ſubject tine] Wl. 
2 ſeries of Which the figns are N or not expreſſed; cannot 
admit of an algebraic ſum; yet, that the ſummation may be always 
effected when the ſigns are reſtricted, by the aſſiſtance of algebraic 
curves; and in ſome particular caſes by tranſcendants. But through | 
the whole of this treatiſe the formulæ are general in reſpect ta the 
ſigns,” the ſame expreſſion giving the ſum of the ſeries whether 
they be conſtant or change alternately ; obſerving to make the ſigns 
in the formula correſpond with thoſe in the given ſeries. And 
though the ſigns in: the given ſeries be reſtricted, it is plaiuly proved, 
that thoſe: ſeries are not generally. ſummible by any of the methods 
of inveſtigation that have yet been given us but often fail in the 
moſt ſimple caſes. And as to the fammations of the Reciprocal 
Series of uneven powers in natural numbers, Mr. Lorgna obſerves, 
that they have hitherto been ranked among the mathematician's' 
Defiderata. For though thoſe famous men John Bernoulli and 
Leonard Euler, had di ſcovered the ſummation of ſeries of this order 
in oven powers, by the quadrature of the circle, yet they fajled in 
the other; having ingenuouſly confeſſed their inability to accom- 
pliſh them *. Theſe are like wiſe clearly inveſtigated in this trea- 
tiſe, and that in a general manner, both for the reciprocals of even 


1 


and uneven ö the areas "of F erquſceuitnr « curves. 80 . 
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ON SECTION I. 
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DEF. I. DVthe ;nfinity of a Series i is meant the infinity of the alter df its 
terms. But as a number actually infinite is a manifeſt abſurdity to 


dur ideas of numbers in general, ſince we cannot poſſibly conceive them to exiſt ab- 


ſtractedly from ſomething limited and determinate, this term has given occaſion to as 
many various diſputes, as there have been various opinions concerning it; which, 
however, we ſhall here paſs by, as being quite foreign to our purpoſe. For though 
we cannot-abſolutely fay in things which have a real exiſtence, that their number is 


greater than any aſſignable number, or that all their units can be actually expreſſed, 


when continued without limitation ; yet this muſt be granted by every one, being 2 
ſelf-evident truth, that we can conceive a number greater than any determ inate 
number whatever, and after that a greater, and ſo on without end. And conſe- 
quently, whether it be poſſible or not, for the number of any things really exiſting 
to exceed any aſſignable number, nothing can be more obvious, than in ſucceſſive 
productions, they may become greater in number than any given number whatever; 
becauſe, though at * given term they my be ſaid to be e 22 dike . be 


increaſed without end. 


From hence we have a diſtinct notion of FP ſum or Fre) W of an lofioite Series. 
For nothing would be more abſurd than to ĩmagine it a collection of ſeveral particular 


numbers that are connected and added together one after another, as this would ſup- 


poſe the parts of an Infinite Series to be all known and determined, which we have 
juſt obſerved cannot all be ſeparately aſſigned, there being no end in the numeration 


of its parts. We muſt therefore conceive it to be poſitive and determinate ſo far as 


the ſeries is actually carried on, with an endleſs addition of its terms that can be ſue- 
ceſſively made to it ; and conſequently in this ſenſe it may be ſaid to have a ſum, or 


total value, whether it can be expreſſed by any means or not. Now 1 in any Infinite 
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work, upon which his whole ſtructure is built. This ought therefore to be p 
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Series of which the terms grow leſs and leſs, or converge to a point as it were, the 


. point of convergency, or rather the ſpace included by the converging lines, is the 
limit which the whole ſeries, taken in its infinite capacity, cannot poſſibly go beyond 


or exceed; and therefore there may be a number aſſigned which the ſum of no given 
number of terms of the ſeries can ever reach, nor indeed ever be equal to; yet it may 


come ſo near it as to want leſs than any aſſignable difference. Here then is the preciſe 


idea of the ſummation or total value of a ſeries conſiſting of an infinite number of 
term$, as expreſſed in the definition; which is evidently not taken as a number found 
by the common method of addition, but as ſuch a limitation of the value of the ſeries, | 
that if all the terms could poſfibly be added together, the ſum would be equal to this. 
It i is hardly neceſſary to obſerve, that if the ſeries do not converge, that is, if each 


ſucceſſive term | e not leſs than the preceding one, it can have no limitation or total 
value; and therefore as no value can be aſſigned for an infinite ſeries in this caſe, it 


may be ſaid to have no determinate ſum in any ſenſe whatever; 4 from whence the ſum 
of ſuch a hen is. n ſaid to be OY ea 1 


1 
» 
* * 
x 


PROP. I. Here our Auer I POR the. IT gr en or. ground- 


larly attended to, and well underſtood hy the young Mathematician, before he. pro- 
ceeds any farther... And to give him all the affiſtance he can wiſh for, not only in 
this, but through. the whole treatiſe, we ſhall endeavour to be as explicit as poſſible 
in our remarks, and by deſcending to the very minutiæ of each propoſition, leave 
nothing in obſcurity, or any ways myſterious. For it is certainly the moſt eligible 
method of treating any ſcience, either in the primary capacity of an Author, or in 
the ſecondary one of commenting on other's performances, to render it as clear and 
intelligible as the ſubject will admit of; for where it is otherwiſe, it muſt be done 
either intentionally, ot (which I believe is more commonly the cafe). through want 

of a clear perception in the writer. The former is the moſt ridiculous pedantry, and 
the latter almoſt unpardonable. We have, however, ſeveral inſtances of this kind 
in the Comments and Explanations of the writings of our moſt celebrated authors in 
the mathematical way. It muſt indeed be acknowledged, that an author may often- 
times, without the imputation of pedantry, adapt his manner of treating a ſubject to 
the capacities of thoſe only who are already adepts therein, and which muſt of courſe 
appear obſcure to thoſe who have but ſuperficially adverted to it; but when notes and 
obſervations are given to ſuch a treatiſe profeſſedly explanatory, the leaſt ſhade of ob- 
feurity in theſe is as prepoſterous as falſe concord would be in a treatiſe on Grammar. 
For this reaſon I have all along ſhewn not only how the fluxion and fluent of each ex- 


. preſſion are deduced, but alſo have given the proceſs at length of drawing the infinite 


ſeries from the fractions, transforming the quantities, and ſuch. like. This method 
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| 1 15 * the ſame values of Py fo &e, being written. in the formula 1. ive e 35 ke fun 
(| in inen 1 OE er OT 292 4 ies wy apttt Py tame, 9 Nw 138 f 1 N il RIG 
DE TOPS 39 E FE 4 44s 0. ; ord 
* Required the ſum of the infinite ſeries 775 . 
Ewe Tint l n e e eee FFF 
15 5 + Ke. ———— 
2.45 ·6 7 778 7 EF T; 7 5 I＋A. 3＋ 2. . 
= Here p = S = 1, n E 3, 4 18 5 and therefore x 4, 
| == 9 S 2, 1. And becauſe the ſum of the ſeries may be had. algebraically, let 
theſe values be written in the formulæ 8 and R 3 and the former will produce 
| 2 C Een een 
: + — — + ; 
24 2. 2+2 HY * . 37 4 . 472 a 1. 572 | 
the fummatrix; and che latter | pd nc noe uh 
x i 
the . ; 
3+5+9 = 7s EY . 
. E X A M P L * III. 


51. Let the ſeries propoſed be 
I I 8 1 | 
2.6.4.8 To 8.5.6 ＋ 7 za en 22, 422 3 TE 44% 
Here we baue P = 0, f S 1 4 = * 15 deve Fats, Þ 


3.41 


3 = 263 a= i7Thiſe: values ſubſtituted in the formulæ 8 and R produce, re- 


ſpectively, 
N I . 1 
A * — — — — 
24 . 1 8 . 2＋2 12. 3+ 16 « 4+% 
we ſummatrix ; : and — —— the ſum. 


25. 305 1152 
1 


52. Let the ſeries propoſed to be ſummed be "= | | | 
3 2 1 WY 15 1 1 3 
6. 10. 21 2.8, 12.24 3.10. 14.27 IF 22. F 15 ＋ = 


By 


< * 4 " A * 0 ry — 4 2 2 8 , ä i * WA. 
15 5 / N N EET . 22 4 9 "EP" - _ T xa on * 2 2 FT W A W we { , , a \ 4 * 
* * p 1 FW a K ä * TREE - _. * 2 7 7 RR Mit Id Nn 5 * Y r nn * 
2 5 * WY N 1 wh 5 * W 8 9 N * W * R EE. * e r * * 5 9 
e n "i. 1 od 4 N * 4 45 1 * £ % 5 2 : 7 N 5 * 19 ah. 
4 # 4 p ? = * = 3 = r . * 7 : k * N * 00 Is - 
138 TT. & F 5 
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By comparing the terms we have 9 S o, 7 I, n n 2 2, 8, 
* 18, "= 3 and therefore 1 =6, "= _ 4 2. Which values being wricten 


. 


in che formulee 8 and K, we nave. 


= ih 4 1 5 
14, I+22 2. 2 22 35 3725 55 . OY 6.6122 55 T2 
22 6 * 8 * 
the fummatrix; 3. and the um i in infinitum = = . „ | 
| | 85 


— . * * 


—EXAMPLE v. 


53. T he feries propoſed is 


Die i. 144 59 n 
— &c. 
1 23 41 1 5 eee 1+ 3z 


In this example, þ = o, q=m=n=r =t =1, 2 2, 1 S 3, hence 
LY = — = @ =— 23 and therefore the ſum of this ſeries cannot be exhibited 
in a pure algebraic expreſſion, 7» &, and w being fractional numbers. We muſt 
therefore have recourſe to the cecumenical formula R (Art. 47. ) in which ſubſti- 


tuting the above values of 7 95, &c. there ariſes 


S== = 1 — 4 7 K 1:2 4 
e e 12 I—x 


exprefling the ſum of the given ſeries. Now, put 126 — y, that the exponents of 
the flowing quantity may become integral, and the laſt expreſſion is changed to 


6 f = 2 — 2 + 24 A 


which by a proper reduction n 
28 4 6 HS . 

129 8 5 ＋ +24 wy 24 4 _ 555 
125-85 5 T4 L. 14) - 4 L. 15 —-8 L. +4 +3 ＋T4L. 1-57 48 cire. 
arc. rad. F 4/3, tang. y* + 2. Correct the fluent, and make 5 13 and the ſum 
of the propoſed infinite ſeries will be truly expreſſed by 

5 T4 L. 2-8 L. 3-8 circ, arc. rad. 1 4/3, tang. . 


n 


54. Laſtly, let the ſeries be | 
1 1 I I 

— — — _ & » — 

4.3.5.7 . 3.5 · 8. 11 3 21. 15 | — ITS. I＋ 22. 2+ 3. 3＋4 


It 


— 
Ar 9322 
— „ — 


— W TA ee 8. 9 ln 
x AC Dn . 7 — 
E an, Sia 225 OS . * 


— . oe 


— | adn Sad — 5 20> CHCA Es ws Be 
_ \ "Xo 2 ——— —— — * and - _———_— 
2 5 ä —— j — 


— . 
212 r 


%% nne nene 
1. wilt be FR , „r ar ets =$ * aud hene u = 


= —— 3 = _ „ = =; the ſeries therefore cannot be ſummed beh. But 
4 


by writing the values of p, 9, Ke. in the ccymenical formbla R, the * of ts 


wen ſeries will be e elled e e eee VVV 

8 — - 
— — „ — —. * 
bs Hh 4. 43 44« ee 1222 1 


„ a 7 1 9. 1x 


To reduce the exponents of che _—_— quantity into integers put ** 1 =) and 
the above expreſſion becomes 


1. PER 2 22. 108 / Dot $2 
72 255 . Tz , TE, 
: 1 +5 Z + 24 re nn og fot 


The fluent of which being taken, and properly cone, gives hyp. log. TE = an 


8 * hyp. log. iſ N . * OY byp: log: 5" & P "FE the — e Cite. we. 
3 — | 


* 


2 77 


res: yt, tange — 


— y hyp. logs wage + 18 cire. arc. e ee RS; i; or by EE : 


1 = l 


5 8 Ar. TN 91. 2 — 16 circ. are. rad. VEN tang, 2 — irc, arc, 


180?, rad. 1, + 18 cire. arc. rad. 419 35 tang. ON which i is the ſum of the propaſed. 
ſeries ad inſinitum. 


2 : * 
10 p ; | \ 5 * 
2 * * * 
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TY 4 - . 
- * C . ; , 0 a 3 ; 


* 
+ 96a j 


5 1 N yt . 8 > 4 ; . ; ; | , - ' , 0 
Ke 2 TY if 3+ 4 6. BW Gs. q ob. 4 £3 90 * W abs”, 3 4 E 7x > „ AS ACE 3 *. TEL I, Ys 217 ” 3 3 1% 
„ 3.531% FF: vt 33 V 2413 438 r * N N . * „ enn 
5 > » Pr. ».w4< d 4 . _— 


BEX PLA N AT OA N, 


* 1 a 49ers 2 - . 
of Tat 425 wore Sane apt utes oy 7 Es 
* : 
+ 


1 general bormula denoted by R, of A R, in this ſetion, are derived exactly as 
thoſe in the preceding one, namely, R as an Art. 32. R R as Þ — Qin Art. 
33. and K as P—Q in Art. 34. And by the ſame proceſs 8 formulæ M— N, 


M4. 414 


M — N were : inveſtigated (Art. 35, 36.) may 8, and $ be deduced. For when the 
ſigns of the propoſed ſeries are poſitive, the firſt principal ſummatzix 


3 8 eee , (Art. 10.) being written for F in theexpreſion G (Art. 9.), 


1— &. 
* this value of G again written in H, and 3 this value of H ſubſtituted in I, we 


ſhall derive the 2 R drawn into Ss from whence we proceed as in the 


inveſtigation of the formula M—N (ſee note on Art. 35.). hi when * ſigns of 
the given ſer! ies are poſitive and negative alternately, by writing the ſecond ee 


ſummatrix 2 — 7 — (Art. 10.) for F in the formula G, and again 


the formula 61 in H, and laſtly H in J as before, we ſhall have the formula R drawn 


into 


7% 21 s N N Ane % „ 
into 1 , from ne we _ e as in note on Art EY t inveſ- 


TS 


9 


tigate 8. 
It is obſervable from hence that the formula M—N n alſo bave been imme. 


diately deduce from mulrping 5— . . inf fame mana a th that de- 5 
noted by R is ; produced by muliplyin R by N. — | 


N TY | N Wa e . 
49. 2 ; | 


= | The general elmo Gompated ae 4. Vi, n 

* 12 2+2 , 342 % ae TAE T+iS, Ix” | 

from whence appear the values of p, 9, &c. And becauſe the figns of the ent 
= ſeries are pony, and , 5 , 6, Bot whole nuqubers, £ the forgaul . are 


K (Art. 47.) and 8 tis my The 2 1 wn . ſubſtituted 1 in the former 
cxpreſon produce 


T 
EP 7 . pity 


og + (to a (3) terms) 


2 70 
Xx 2 — + — (to 3 8 terms) 
V | 2 
LE an 1 
No: "OP 00 end the fam; 
which reduced becomes | bes — ler * 222 6 „„ 3 FTC "6.31 1 oll 
4 8 | if FEOF: $03, fs 1 2 N in © ow 2 28 i bak: 52 
Which agrees with De Moivre's Miſell J {on bu ann 1 


The ſame values ſubſtituted 3 in the Jatter formula 8, f give 5 : . 4 : 5 


. ö ow REV 
e MN Ir a ada 


. ee ee 
2 I -1 'T 


X :! —==z=z "+ 
2 2. 1I+Z2+F1I 3+ ! 


555 9 . 


4 ONE'S Ns 


terms of the propoſed. ſeries; which by lies be becomes | — 2 0 1 
2 1 I 0 . 8 


— Xx: —— = + —== as in the exam le. eee 
23 +1 2142 + Zo z+3 P nie 
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. SIE the formula . let the ſum of 100 terms s of this ſeries be required, * 


Here z = 10000, and the ſummatrix becomes | 
10000 3 1 1 1000600 roooo 


2— — 


P X : 1887 12 1000 + Ry 35550 | 8848851585758 


| A R . 50, Ir, 52. 
Tele need no ON Muſteation being apphed exactly as the preceding « one e 
che two former being ſummed by the formulz S, and K, the ſigns being a 


and the latter by the formulæ 8, and K, the ſigns being alternately + and — The 
two latter it is obſervable, are of that order of ſeries which have been hitherto thought 
incapable of ſummation ; the factors in the denominators of the terms not being in 


the fame arithmetical progreſſion, 
A R T. 3 


Here t, $, and w, are fraQtional N 12 cannot n is applied to the 


formulæ 8, R; we mani * have recourſe to the cecumenical 3 R in Art. 47. 
from whence 5 other formulæ are derived. In which by — and aer 


reduction (as in note on Art. 43. ), we obtain 


2 


24 * Y 17 5 + = 
the fluent of which is 


aer uf Guſt: 


Now the two laſt terms may be reduced by oe Emerſon's Flux. Form 8th, Simp- 
ſon's Flux. Prob. V. p- 371, or Landen's Lucub. theor. 13, p. 99, as in note on 
Art. 44. And by a farther reduction of the fine, rad, 1, to the tang. rad. 4 / 3 (as 
in note on Art. 30.) in the reſultiog fluent, we have 
4 hyp. log. 1) 2 —4 hyp. log. 1— 9 = — hyp. hog, BIR 
+ 4 hyp. log. 17 + 8 circ. arc. rad. & / 3, tang. 777. 
Make y = o, and the fluent becomes 8 circ. arc. rad. & „/ 3, tang. 4, hence this 
part of the fluent being corrected, and y put I in the whole fluent, there ariſes 
12 —8 1414 L. 2—8 L. 3 +8 circ. arc. rad. 4 / 3, tang. 1 = 8 circ, are. 
rad. 4 3, tang. 1 2 5 +4 L. 2— 8 L. 37 8 circ. arc. rad. 34/3, tang. 3 8 


arc. of the ſame circle, tang. 4 2 5 +4 L. 2 8 L. 3 +8 circ. arc. rad. 3 / 3, 
| M tang. 


= 1 


2 


+2 


63 * ＋ H E 8 M M 1 AT "FO 


tang, F = 5 + 4L.2 — 8L.3 + arc. 2407, rad. V4. For let AB = = 1 (Fig. 3.) \ 
take BL = 4, and draw LD, DC, reſpeQively parallel to AB, 0. With rad. 
1 deſeribe CL, produce CD till DE be = 8 and join BE. Then is CD 


a. CE = 4, and CB (= 735 — De) J; hence vY BCFCE —BE | 
8 0 and · · CD: DE:: CB: BE, conſeq. the 5 CBE is biſected by BD 
(Elem. VI. 3.) and the arches CI, IF, equal. From whence it is obvious that + 
arc. CF arc. CI = + arc. IF = + arc. CI, as in the laſt member of the fluent. 
And when AB = 1, and CD = , the arc. AD = zo, and theref, CI = 30, 
which multiplied by 8 becomes arc. 2405, to rad, 34/3 (BC), or tang. + (CD). 


T ̃ A gl ut fikay any Ing gt ye 


may be reduced as follows, 


KETC.” 20 20 » A 
The firſt term — 2 2 = btn — =, 
|  1+y V 


20 +» 4:8 


EL ee eee 


y 22. CCT Fo a og] WE 2 > 
but ny. —— anl. — N 
E IH © IH + 9, an ＋ * - 


| N 3 19 „ 5 5 5 1 
And the laſt term N E tp bn = + . —y + 3 


Leys 35 Rn 11:8 1 
The 140 being collected, each multiplicd by its coefficient, and i in | the Auents of the | 
ſimple quantities y be made = 1, we have 
12 ˙ 243% 957.5 j 108. 5˙% ++ 
Jabs”. - 5 L 1 . 

The fluents of theſe terms may be had by Emerſon's forms, as follows: Here u the 
index of the flowing quantity in the denominators is equal 12; and therefore i in the 
firſt term, 11 = n — 1, which belongs to the to the 4th form, hence the fluent i is | 

byp. log. 1 . 
In the ſecond term, 5 4 23 which correſponds with the 5th form, from views 
the fluent i is 5 pe, pr 
4 Eire, arc. rad, 1, nat. tang. y*. 


In 
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In the third term, 8 = 4 n—1, which is the 7th form, caſe 4th, hence. the 
fluent is TN 5 | 
8 5% Xx 2 byp. log. 5 — VIV * | —byp. log. + T 
2 55 


+ 16 circ. arc. rad, vis _—_ 27 —1 


Andi in the fourth term, 7 = * n — r, which alſo belongs to the 7th form, caſe 2d, 
and the fluent 1s 


2 byp. log. f— = rl WIS Pet le pe Io 


+ 5 Circ, arc. rad. 4 7/3, tang. y* — 4. | 
But this evidently wants a correction; for when So, it becomes 8 L CIIC. arc. rad. 
4 V3, tang. . Hence the corre& fluent will be 


L. y- 8 V Xx L. If +I—L. FFI +5 
255 
2f—1 


Y 7 "i 


— 160 Circ, arc. mods V Es Were — 4 Circ. arc. rad. 15 2 50 * A 


11 J = . 177 + 18 0 circ. arc. rad. 4% tang. — Ar F 


In which making y = 1, produces an reien for the ſum of the N feries, as. 
in the example. 


M2 SECTION v. 


CO IG —̃ — = 
ES rs WRITE A h · wn Trp "ER o III ne PS 2 nom meg os EE. — — 3 


r 


— — 


* » | 
% , 
o 
1 4 8 * „ 4 A * 7 * * — A * 
5 . X 8 | F | 8 0 
"IE, + 4 . 65 ae . & * — i 4 * * * 
ah 5 9 2 2 25 * i I. 
* * * y g 
% — 4 3 : 


_— 
[4 *” * 


Fg 
8 E C T 1 0 N. | VE | 
* - x , ? * 1 . £ : : 
* : . . " ; 
wh 4 * P * . 8 12 0 
„ * 2 og 
7 - * 
7 1 
- al 9 
% ; 
% * 
* : Fay 
, 
s — 
- * -. — E 
4 - Fi ff 1 65 2 2 2 
f 5 4 * . 7 \ 0 
» 1 ag) x wy 
: ? + . * » 
bs 1 , - 
— 
; * 2 = 
ww , 4 L » > vs Dr-54 ** de“ - x 1 ; : 
: * ” * . 1 8 "4 * N i /% 47 wk 
£ * we a 3 boy -% ' * b 7 1 E I 4 
* * 


A860 | To: . 15. Saw: of. *a deriti, the Numeratort of which conflitute an drithinetical... 
Progreſſion ; . and. the. Denominators ca i 2. any Mauer; E 4 ſnple — the * 
r n e her on oc ft 


F rom Art. 3. and 5, we have 
a == =p. : +5 
. p+9 pÞ+29. 787. 


Multiply this equation by 5 x ©* , and let the fluxion of the reſulting expreſſion 
be deſigned by prefixing the letter 9; then divide the whole bY 4, and there will! 


ariſe 


tvs &c. FA 


(BY = ——— =- — * — — ; | 
| x 2 ＋7 . p37 
Let this equation be n. by x , and the fluent taken, and the. reſult 
will be 
m n- t 2 2 h , a nr 
(C) L F-. +3. F + 9 + - 
* &c. 


a e en p+39 mig. 


Let this equation again be multiplied by *: E, and the fluent will be 
a ＋ a7 72141 "I | a+2b. a7 © 52 


DL ſexier; = Lt . 
. | Þ+4» T 7. 5729 m2 1. 14125 


. 
„ ĩͤ oen- 2: hve 


Þ+39 mn. 143. 


Again 
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gin nahen this equation by MOTT Lira ks he Ahent of the product will 


. 1 11 0 10 i N mn" 
| CV 
| _ 21. Ff. Fae 
+ Kc. and & on ad Bbitum. 3 25 
If therefore in the ſingle terms of the ſeries, as alſo in their correſponding ſums 
(being properly rectifled by ſubſtitution, &c.) we put æ S 1, the expreſſions ariſing 


will be the ſums. of the ſeries for the aſſumed number of factors of which the general 


——— 


PT 29. 1 Tau. TT. T2 


1 


term is Q——What- is obſerved in Art. 10. for finding the ſummatrices of thoſe 
ſeries, is equally applicable here; as theſe general forms comprize other geometrical 
ſories, which we ſhall have occaſion to conſider previous to thoſe which mn 
coincide with the general form here given. 

55. It has been aſſerted by ſeveral authors who have written on this ſubject, that 
no ſeries of this order can poſſibly be ſummed, unleſs that in the general term, the 
greateſt exponent of the indefinite quantity or index æ in the anmerator, be at leaſt 
two degrees lower than the greateſt exponent of the ſame quantity z in the denomi- 
nator but it appears by our method, that ſeries of this order which have not this 
property may be ſummed with the ſame facility as the others. Let the propoſed 
ſeries therefore have two ſample: fators in the denominators, in which the greateſt 
dimenſion of z is only one ad higher than that in the numerator; the Sacra) 
term being. | 

Z 7" > 

The formula: for the ſum of this feies is 


nee 


: e 719 15x * 
. "OY 777 Mon. 
_— & 5 7. 5 2—1 —_— 2 4 2 8 job 
£1 * 1811 9 N me £ I -X 
SOT, 
Refolve this into . (am. 210 and s- — bm „ 2 ng. 
b- q , 7 pP. 9 


and it will be . 6 


O = 5 4 
" qual. 1=x 


(by making x» = 1 in the finite quantities) 
97 all 


56: Now as the particular formulæ for the Th of has ſeries cannot be obtained 
from the ecumenical; formula M (Ait. 5g.) by the method before laid down (Art. 


2 | 14.38. 


L 
# » 6 


=. 1+ WE On * M A PO Ni 0 


14 3. 48), wenſhall therefore firſt conſider thoſe ſeries of hich the Gunmedique 
may be obtaiied thereby, namely, when the denominators of the terms are involved 
with a ſeries. of pow powers. It muſt indeed be granted that ſome ſeries of this order have 
already been ſummed by different authors,. bitthis is effected in particular caſes ohly, 
when the denominators of the terms are ſo increaſed by being multiplied into the 
geometrical ſeries, as to come within the limits xe have juſt mentioned. This whole 


— —— = * _ 


* order of ſeries 1 is, Was without eee in this our raf n 
F s 9 1 FN 1 Fran e 52 3 121 
| FP SAY a 9 | 
PTT. mu 8* e | 
= - And t the fum in phy iS een 0 t ke 9 ˙7 9 t leg on dis : 


| * F Six 4 r 8980 905 
In which when the — — of the propoſed ſeries are pofitive, if x be a vets IV 


f greater than unity, and & = 8" X x, the ſum may be Expreſſed algebraically. 


ö For then the formula becometh 
:  — ; 12 Gin! 1 '# 2 : : 


„ 
e SIT 


Ry 


— n . 7 5 
N 2 „ ; which by expanding che een, a and raking 0 the 
fluent, produces CTR ; 
| 1 FI Pi gr nn P 2 r 
Ak 2 es B x Fe. - + Kc. x . 
* 277 + we BASE 4-2 r 
or by making x = 1, 13 50 1 SIE ” 
he by Tz HL bes NOT aide n | 
9 * rf r en . Pr n 
the ſum of the propoſed ſeries in 1 8888 as many terms being. taken as * are 


57. The algebraic ſums of theſe . may alſo be had when the ſigns Fra alter- 


nately, if 1 be an even * number; for then the cecumenical — M be- 
cometh 


n 


the fluent of which being 3 . * put = I; 9 ariſes 
gon 85 9 — 3 | Dm 


(N) * ; 8 
5 „ 
58. By a Gmilar 1 may the ſummatrices of theſe ſeries. be found. For in the 


5 


B—x . 6 
(Art. 8.) 


| formala B (Art. 54) ſubſtitute for A the general ſummatrix 9 
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(Art. 8, bj for ſeries with poſitive hgns, and the reſult is 


Fi Bmax? S e 4 7 5 


| . 1 99 #* Dr. g* 0 | 
which being expanded by diviſion and multiplication, as before, becomes 


—— 2 — 9124 2 9 . 11 + 8 3 of 12 z + &c. gf Fr 
4 _ 7 & 3 Pp: 24 65 2 P: qpz+1 + &c x? q+zÞ+Ti—1 » 
Taking the fluent, and making x =. 1, we have EY | 

A 1 - id. : m—x | 8 . nz. £5 | 

= x27 (N) hen cy EE 8 * 2 UE 95 4 &. 3 

„ ſs. * Pp“ 772 7 1 1 

e eee 
5 * — 1 B + E 1 
7s P CI 217. 2 ＋T—2 1 » 2 


as many terms being taken as there are units in x, and ⁊ denotes the aſſumed number 
of terms of the propoſed ſeries. FA 


59. By the ſame method may the ſurmiatfix be derived when the ſigns of the given 
feries are alternately changeable from + to —, aaa r be an even whole number. 


98 — . . x P ; 7 x . | 
For by writing the ſummatrix — 22 - —— — (Art. 8.) for A in the ex- 
9 
preſſion B, and NY as . the ſummatrix — will be 


rr 5 — 17 2 . 5 427 7 
0 . ==, 
uqe.. 122 T*. B* 

is being expanded, and ordered as in the laſt Art. as many terms of the reſulting 
expreſſion muſt be taken as there are units in *, which will then exhibit the ſum of 


as, many; pairs of terms or initial differences of the propoſed ſeries, as. there are units. 
in the index ⁊. 


„%% „„ 


E X A M T IL E I. 


60. Let the ſeries to be n WIT HM AK 


3 * 1 5 9 3 27 EE” 
Here it will . 1, 5 .—. 92 n S 2, 6 = 3, and therefore 
SE L. — 229 — 5 BS MX x 8 1 and he ſeries 
—_ — * 7 | 
may be 3 2 pI 3 n emu 293 


Subſtituting 


Y — . = — _ - 
— — + = h OO 2 . — - — 
— — — - 
p — = — pa — 5 
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: Subſtituting therefore theſe gl red in n the-formula . and N, ho | Su gives IT, 


the ſum of the * ſeries ad infuina. And the latter 4 — — — the 


1 * | 
ſummatrix for z terms. 4 | et $445 cle [16 


EXAMPLE "IL © 
61. Let the propoſed ferits be 3 | e e 
= 0 © 1 * 3 
1:0 | . 28 W N . A2 5 
2 12, 5 = % 15 1 N = 4,5 1 * B $1 and therefore « = = 


2 T = 2, and a = 8", -r. Subſtitute th theſe values in the Formule My M, and 


the former gives 1 the om of the Ong and the mm 2 


11 . I | 5 + ns ET i oc 
ar, „ * I+=. Aae 


the ſummatrix for 2 terms. 


E X AMP L E IL 


62. The ſeries propoſed is IE ad 28 reborn bao 


I4 I „ waſh, + ——_—— * 11 ＋32 
@ — 1 25 — 1 2 —_— — „ NM TY 
8 u, 3, 5 = . als ee 


have x = 8 ., x— r, and conſequently the algebraic ſum may be obtained. Let theſe 


values therefore be written in the formulz N, N, and the ſum in infinitum wil be 2 q 3 
and the ſummatrix | 


| — - — 
1 1 1 1 


+ — — — — 


6 4200 2Z+Z z2＋ 1 
E X A M P L E . 


63. Let the ſeries to be ſummed be . we 
R Ä wi bh 
3 811 7.10 IN 2 

Here 4 S o, b 2, p 1, 4 = 2, n 1, 1 2 3, f l 
8) is not a whole number, neither is « equal to #” , r; therefore the ſum of 


the 
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the propoſed ſeries canndt be had algebraically, We muſt then have recourſe to the 


formula M (Art. 56.) 

be |þ —.— — Sr 

u B=x ñ 227 B—x I 
which, by ſubſtituting the above _O_ becomes 

7 * VX ps + 5 x 

e 2 

In the firſt member of this fuencial expreſſion make V = y, and there ariſes 5 

1 


But 225 7 i log. 2 47 ; in which, as there is no correction neceſſary, 
make y = 1, and the reſult is >: 
. h toy. LEES 
2 yp. . 921 ” 
2 8 g5 
In the latter member of the fluential put / = u, amd it becomes 4 as 


2— #4 


— 223 and by writing a for Aa, we ſhall have 


= = Tala low; 2— + 77 hyp. log. a Terre 


2— 1 
— — 


a 
+ = cire. arc. rad, — 7 * 3, tang, u + 575 


Make 2 = o, and the correction 3 is 


8 , 1 3 
* log. a + 765 arc. of the fame circle, tang. T » if therefore this 


conſtant arch be taken from the arch of which the tang. is u + 7 chere will remain 


an arch of the ſame circle correſponding to the tang. = Now make « = 1, 


and reſtore the value of a, and the ſum of the propoſed ſeries will be truly expreſſed 
by 


C 
= 113 855 L. 5 2 22:3 13 
M2 TOES T 72 1 : „ 5 2 & 2 I 
2. 433 1:2 
SAS . 2 — 4. circ. arc. rad. —, tang, 2 3 
3 r 


N or, 


12 run SUMMATION 


or, 8 L. EZ Eva E. 74 * . 1 — 2 n 4 
V4 494 


64. We may now proceed with the ſeries firſt propoſed, viz. when they are not 
involved with a geometrical ſeries, as 


a+b a+2b 4 a+3b 1 


pT. n p27. m T2à2 p+3qem+3n 
in which we may ſuppoſe 8 = 1, and the ſum will be expreſſed by the cecumenical. 
formula M (Art. 55) 5 


„„ Pat Ts. | Sends; Pat T5 
| — = —/ LET 
But with reſpe& to the ſeries of this order with poſitive ſigns, it muſt be acknow-- 
ledged, that they cannot by this or any other method be brought to an alge=- 
braic ſum. Nor indeed can the ſum be exhibited either by logarithms, or circular: 


arcs, or by any finite formula whatever, becauſe the known quantities are in- 
volved with an: expreſſion of an infinite magnitude. For the fluxionary quantities 


% go. * 
; 8 „ by reduction become at laſt — , the fluent of which may be 


1 log. 1, and making.» = 15 according to the rule preſeribed, we manifeſtly. 
derive an infinite expreſſion; which indicates the impoſſibility of the ſummation. 


65. But when the ſigns of the propoſed ſeries are alternately changeable from poſi-- 
tive to negative, the ſummation may-be obtained, either purely algebraically, or by 
the arch of a circle, or by logarithms. The formula correſponding to theſe ſeries 1s: 


3 * v bua—bsx Hf 1 

7 1+x E — 15x: * 

where as often as. 2x =. x, and æ is an-uneven whole. number, the ſummation i is given 
algebraically. For the formula then becomes ” 


EY a ISLES 
qnt L* N 2 


which by diviſion, and taking the fluent, is changed into 


* r „ra „73 & 2 
. ¼Ä:—) — — &C, 5 
1 * P. 2472 E379 2 
and making x = I, we have 
1 1 1 1 1 | 1 
(F) * At PÞ2$, - 230 #+49 pg“ 


as many terms being taken as there are units in 2. 


66. And 
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66, And the ſurmatrix of theſe ſeries will be | 


OM *  BY%; r ” a 4 4 
or X | J ta 


— — | s 
19 2 i+x | 17 5 


which being val as before, there ariſeth 


I 1 
— 2233 — &. 
G; Fr N Pr 
bx | I : I ; 55 1 
— — X: — 2 — — [A 


2 744 2271 PT 9+ 28+ 2 71 2243 
I 


—, in which as many pairs of terms, or initial differences, * the given 
77 qo 22 Tr 
ſeries will be ſummed, as there are units in the index 2. 


E X A M T7 LE 1 


67. Let the ſeries to be ſummed be a 
- 1 14 3 2742 
— 8 
wo - | 4.12 83 8. 20 a 22. 4＋42 
Here a = 2, 5 = 4, p = o, 4 = 2, m = 4, 1 = 4, , 1 = 1, and thence 
2* = =, Subſtitute theſe values in the formulæ P and Q (Art. 65, 66.); and the 


ſum ariſing is 4, and the ſummatrix = 


2 
4 

LE &S Y 
68. Required the ſum of the ſeries 


iI a. 4 3+22 
5 . 12 10. 77 7 20. 21 + nn 


Here it will be a = 3, b=2, fp =0, 9 = 5, m = , n = 3, and therefore 1 = 
wy = 3, 2x = K. Theſe values being written in the formuleP and Q, ho 


78 for the ſum ad infinitum, and 


„„ 


the ſummatrix for 2 2 terms of the given 4 DL 


nm. 


69. Let the ſeries propoſed be 


1 3 4 5 & Ie 
dee e — c. . 
8 J ͤͤͤ $412 14125. 3722 


N 2 = Here 


S „ 


2 —_ — 4 wm, 7, — — , —— 
8 VIS: Pu ² dA . ͤV— NT 1 


- r 


1 


— = \ 
IT es gs I Te 


ae — 


n 
D —— 
—— 1 — _ 


r 
— * ä 

— — 
* 


- 
4 * 
8 


9 > 
7 +» 


THE SUMMATION 


Here a =b6 =p =1, m=.3, n =q=2; whencen = , 2 2 1, 23 = . 


Theſe values being ſubſtituted. in the formulæ P and * give the ſum ad TOR” 


. and the ſummatrix = — Tn — — .. 
12 12 4 3742 


E 2 A AJ E IK. 
70. The ſeries propoſed: i Is 


I; 3 7. 1 &ce. —1 422 
— — l 7 PS — — — 
* „ ee 210-18 —2+3%2. —1+3% 


e = 1, 6 = 2, þ = 2, 2 3, m = —1, #4 3, and thence- 
= 2, x ; conſequently the ſummation cannot be effected algebraically, as ⁊ is. 
a © Ou number. But by having recourſe to the formula for the ſum, namely, 


* Nat 1 B- Pat 4 

1 9 Ie 1 9 1 ＋ I+x >: 

we have, by riitering the. above values of 5 77 Ke. the ſum of the Ppropoſed ſeries 
expreſſed by 


Now, make & = 5, that the exponent of the flowing quantity may become aa 
whole number, and the laſt expreſſion is transformed to. 
1 { ©. - | 


the fluent of which is 


3 circ. are. rad. 4 I'13, tang. y 23 
which by correction becomes 


7. 


27 
Now, make y = 1, and the ſum of the propoſed ſeries i is truly expreſſed by; 


4 circ. arc. rad. 4 * 37 tang, 2. 
71. Let the ſeries be 


1 2 V 2. 

e N 1 r 
Here we have a = p = o, l= = n = n 2 1; therefore « = 6; „I; hencec 
the ſum of the propoſed ſeries cannot be expreſſed algebraically. But by ſubſtituting 
theſe values in the formula in the preceding example, and . the fluent, there 
ariſes 


+ Circ. arc. rad. I 35 t 


* hyp. log. 1 TL; 
and making æ 1, the ſum of the ſeries ad infinitum is 
1.— L 2. 


N. O T E 8, 


' 
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4 | B 
5 a ö 
i . | 1 
— - 


E 8, 
KP A FA. 


* ; - 75 
—＋ ; — 2 
Dk 3 
The ſeries: 


on 3 
* "Wh -  &c.. multiplied: by 5 2 
P PZ T2 OP! y b 


\ 


* 


becomes 


* pFag © OO 
and taking the fluxion we have 


a 


«© X XN ag r 29 „ & x 
— = — —— ＋ Ne. 
A. 2 ＋27 * 
which divided by # gives the expreſſion B. 


a. 


> 
8. 
KS 
| + 
vp 
3% 
DS] 
18 
* 


nd 


being multiplied. by ͤ«⸗ & there ariſes 


: 8 

— * — 1421 
a+b.x" x 5 a+2b.x* 2 
P 727 


+ &. 


_— | the fluent of which 3 18 | OO 
| — +? ORE $a. 5 > +2 
a+b. x" a+2b. x" 
3 — = == = + Ke. 
Mm 
TCT 
. 2 Y 5 . 
n. a-. „ n. 26. 4 
— = 1 — 1 &ec. 


PT. 1 P27. 2 
which divided by n gives the expreſſion C. FE 


m 


mY = way 


2 


"TR — * 7 * 
Bw. 


. ̃ 9 een. am 
— . — 


| mu this expreſſion earl by «„ * 32 gives 

b 3 . 

' a+b.x's 8121. „ „ 

} : === = — + be. and the nt 4 is 
| —__ 7 * 

1 a+b. x a 2125. 4 


PETITE TS 2g mean. 4 
which divided by s gives the expreſſion D. And f on at pleaſure. 


„ 
The formula in the preceding Art. correſponding to theſe . 22 = 


— hs , which, by writing therein the value of B 


* 


3 32 7 


(= „ - one of iP 12 


5 I * 
1 212 7 ei, 4 . „„ , 
4 Ix 2 I I FX b q 3 
4 | 4 
a: 5 P 7 « N a 
3 3 7 „ ) we have 
7 I 7 1 1 


I EET 
nd I x 7 1855 b 7 

5 . . PX Min » 

2 e R c. 


IX ng IA 


And 
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And the firſt member of this fluential reſolved into two, becomes 


3 3 
7 a p Yo 7 at 7. 
e " m > xx 
"gt x 


55 486i AB; ? 
Ps 3 1 
but = + 9 is evidently = min, as alſo 75 = Te 


x. = 1 in the finite quantity) 
bu |< —.— 5 T 5 = M.. 


qnnh lx n I 


A. R + > 56. 


By writing Þ for 1 in the formula. in the preceding Art. we derive the expreſſios 


M correſponding to the propoſed general ſeries. 
And, when the ſigns of the ſeries are poſitive, M is * 


3. * 2 5 7 A P „% 3 Af OF 
n 1 A "47 wn 1 8— * 71 ö "x = 
* bx—bxz |< 1 71. x"; 

J n 1 8 2 „C 

bu 533 . 
but = — * FA hence it becomes 
quem ET | 


1 * N . 
quart 6 8— * 2 2 5 8— «% 


e 117 
92 
4 * 


* 4—. by diviſion becomes By 


87 —1 ub x 8 * * 1 = x3 '- th. &c. 
and this multiplied by x? 74 is 
"Wm os FI” Y ng * T p73. „ee le. 


Now 


the. 


_ 


2 
- r 
2 "YL 


\ - = n — =— - —— - - 2 
— 1 W 2 . n l 6 > 
oe 5 PE =_ (INF ISAT PERS FI. - = Ds 3 8 _ by 2 — — 
K iy ne PD CEA — oy 2 geo 2 — my . - — 9 4 . 1 
< - — * 2 —5 33 — * » N — x 
8 «—— x r "+ 8 — 2 Ra . -"* — 5 => 2 2 - OF ——— py LO 128, 'F; "_ 1. 8 
ht * _- . 2 _ e DE ITT hav — + 2 = 2 — fo. n — F = 
* * b TY ITY * - 4 PSS © * — — 4 
— 5 > Am — — * — — - - 1 - — - q 
— 7 — ECTCCCCCCCCCCCCCTCTTCCCCVTTT ODT RS DE: . ä — 1 , 
Prone 8 _ — nent e 
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7 A” 


. ˙ ED I 


[1 * 
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the fluent of which is 101 N aids. | 
FFF 


” - - * 
—— — n 
—— — L ck 4 
g 75 — — a f 
Y « + 8 5 , 
> ww } 
£ = 
| „ * 
= 
* 5 y 7 
7 * * 
* 


A 


1 8 47 71 | 2 —2 „: 8 
S Xx —_—— ö . 
N 9 T 


the formula M. ; 


- 2 — - * 
n by l —— 4 
=" Trois. to py II . <— = >. = = 8989 — a ee © = 
" JE 2 4 8 — 2 h 2 * 
- « - 2 2 - 
_— — — 2 ———ͤ—ů « * — « "I \ 


"= N 


In like manner is:the formula N (Art. 57.) inveſtigated, 


rc (((( T7 TI FE FI 
Ag „4 a 4% FEES by, oy OZ ALE bc, 
. a — =P" * 
— — P "os n — . ay 
P 
- 


AR T. 58. | 


n 
. 


Fx" TIT x | 
Os — being written for A in the e. 


TEEN 


The general ſummatrix © 


[ .a:b—p:q 15 
preſſion (B) * * Py 1t becomes 


2. I | ———— X = — 2 2. 
7 . 7 * B—x . 85 b 7 bo 


This value being ſubſtituted in the expreſſion (C) 75 17 B. , there ariſes 


2 


DYE TD LB p LF 
gl B-x. 6 7 b ET | -*. 
The latter member being reſolved into two fluentials (Art. 11.) and the reſult or- 


—— — 
. 07 
£6 \ 1o ak 
* 


A 2 — — — 

= 2 Ter oatagdts rn gr I IR — 
— rr 

— + — — 


dered as in note on Art. 55 56. there. will ariſe the expreſſion M. By the ſame 


proceſs is the formula N inveſtigated, 


AF. 


2 = 7 ER ”? bb 8 
* > — 4 ? ? 4 wy . ö - — J. „ — Ew 2X S 8 L © * * — p 2 * 
TW N. — I I TG * - 10 895 3 pw 318 SE] 10 Sni 1 4 0 Y we 44 # 


* 


_ 
— : : 7 — 
A: KR. . 00. | "4 | 
| „ 5 ' 3 | FY 
: * " * * ; — — * 


— 2 —— - - > 
6 4 2 oth. _—_ ** 1 4 * 14 
* . 


F ON VER GING SEAIES. 29" 


Here 1 — FP X == = = 25 oe 1 1, a whole number; therefore the ſum of 


this ſeries may be obtaitied by the formula M; and the fuimmatrix by N. The 


values of 4, 5, &c. being ſubſtituted i in the former, there ariſes * 


1— 
C 
— — — — * 


n 


and the latter gives 


In like manner are che two following examples applied to their reſpective formulæ. 


KA IT» 


This example is one of theſe of which the ſummation cannot be effeCted — 


cally. But by means of the _ M (Art. . ) we 4 


224 2— K 


for the ſum of the ſeries. Which by writing y for 455 and « for x3, becomes 
4 2 = SS <= = 
— 4 + 2u=2y. 
The fluent of the firſt term is W by Emerſon's flux. form 6th, and the ſecond by 


form 8th, caſe 1. 
In the correction of the fluent of the ſecond term, the equation circ. arc. rad, 


3 8 | a . „„ a 
2 „3, tang. u + 1 of the ſame circ. rad. — = Arc, rad. _ y 3, tang. 


Zau Let DH, FK (Fig. 3.) be 1 to BE, then by fim. 
44+24u 


triang. ED: EH::EB: EC : : EC - DC: EB — HB. Hence EC - DCE = 
EB*— HEB, and HEB = EB! — EC* + DCE = BC*+ DCE. Alfo ED : DH :: 
EB : BC, and DH: FK :: HB: FB (BC), hence ex equo ED: FE :: EBH 
(BC*+DCE) : BC*, And alternando BC* +DCE : BC* :: (ED) EC- DC: FK, 
O the 


„appears thus, — 


* 


x 


3 


e two 


o 
2 
„and th 
SECTION: 
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WNS : 


* 
. 
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4 
8 
*7 


1 


* 


9 
4 


at 
ak. 


* u 
I a 
& 
menic 


ul 


es, CF—CT, or FI. But BC = 
ormul 


* 


* 


+ 2, therefore 
OD; 


\ 


to the 


* 


3a" 
as be fore 


+ 
laſt examples are ſummed by meang of the cc 


HE. 8 UM M A 


a 
2 

an 

> 
ied. 


* 
* 
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iference of the arch 


a 
4 
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* 


0 4 ” 
68. are 


Art. 67 


the tang, of the d 
— and CE : 


CD = 


-L r EA RX 2 3 2 205 rern 
; .. rt LETT CIT UT 
— t — LES 2 28 = us — * ES * TOE — 3 — + HR HUH ..... ˙ x . 7 - SA —— . BET Sr - 
DESO» EET db 62 td Db AIC. — SSD» 6 — — s — — — Le, — > — — —— — — — — —— —-— dt 5 5 
— , 2 7 ˙——— ee FOE ns nt 2 0 0 _ — — — > : — 
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4 K : _ 7 1 + P 7 _ > * 1 
1 1 r * i 1 4 wo 4. 
: * 1 71 ©3570 55 #25 .*& & + I'S CE: TY4.3% ; ö 5 * 1 + 4 1 
3 » z a 3 * 9 ; 3 * 4 2» 3 a * 2 fv 4:7 # þ& S 7 hf 4 „ N 5 44 7 14 4.4.4 'T.& © 5 * J 1 144. 
* * 0 
ew —- —_ __ 
% 
* 
- 
a 5 * N 
— 
* 
7 3 
# * #49 
*# £ 
418 0 


Jo 174 lenk O Bo. XI 
: ; | } E773 P __ 4's 12 6 


72. To find the Sum 97 the Series, when the Dinominaters wek if of three fimple 


Factort, as | 
TY a+b | 1 22 | 


—=——=—— ————————— 
F rs Pingembaner+as 
RG 
575 37 m4+3n. 7735 P+4% « mu. r＋ 


In Art. 54. we find the ſum of theſe ſeries expreſſed by 
5 = 1 Gee . ho > wt 0 ſe m: n: 6. 
1 


| e 


* Ir 
Theſe values being ſubſtituted in the Gabin D, and the reſult ordered according 
to Art. 11. making _ — EZ = %— — 2 25, = = £ =, and & S 1 in 


| 7 1 
the finite quantities, there ariſes 


1 e, bx WARS 
4 qn'sTd ] Tx qnsT Ix 


br , 2 4 . 5 3 
qnsT . 9— . gnss . I— 3 
+ i= [— — — 
1. 0— 1223 115. — 1 


O 2 | | And 
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5 
q 
4 
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bY 
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aas 23 
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mo 
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DN TS e om =_ 
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2 33 
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1 3B 
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z ! Y 
[] \s : 
vb 
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1. 1 7 
'* 3 
: .-- 2. 
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I [KS 
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9 1 
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— 3 


2 * 
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— — — > — = 
1 by - 2 
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PE” ISI 
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82 ; 10 2 


1 8 8 un 1 A T ION 
And by reducing thoſe terms into one which have the ſame coefficients, we have 


8 
— 2 0 


7 ns. 3— 8 
| expreſſing the ſum of the Nee ſeries ad in fitum. 


73. Whenever therefore the ſigns of the propoſed ſeries are poſitive, and 1, 0, are 
whole numbers, the algebraiè f ſum may be obtained. For the firſt member of the 
fluential by divifien becomes 


b u 
. 4 h. 
the fluent of which being taken, auch xput = = 1, uw” 
bs 3 I 1 


X&c. PO 
nnd l FF 34 Fs 10 ＋ . 77 


4 73 110 0 SH; + Kc. „ 71 2, 


And after the ſame manner will the wy member of the fluential be found = 


bT—bzx * . : FEY A | Kc 1 
gin, Fa 2 = 6 757 ZH.” 5 nn. Sr 


Wherefore the * ſum of - theſe ſeries is. 


8 
600 5 775 f F e lg 


bT—b * 1 1 . 


74. The ſummatrix of theſe ſeries when the figns are poſitive may be derived as 


3 8. A 2— 
follows. In the W = — — | ſubſtitute for A the principal um- 


. x 


+ 


h 17 | 1 . ; | 7 721 8 
12 o Py * . # TY « 
matrix — Fes, | —, and let this value of. B. be written in the expreſſion C 


(Art. 54. ; „ and * 7 value of C in the expreſſion D, and it becomes 


b * ; 1— 4 ot 1—x", * 13 1 | 2— ** . 1 1 


—— 


0 - * . ® 


19 . 0 — | — I—x 


which by taking the fluent, and making x = 1, produces 


1 | 4 be | x 
(S) 2 $777 2 77 ® 7755 10 f n ee 
5 b x X : 1 5 8 OO 
net) p+9- . 12 FTE 2 ＋2 © Pp. 24 
hb Thu 4 A 
Ee e 3 3 ode + en 
2 4. 9— 1 | : STK; 8 + 5 4 n . — 1 
3 3 . A : . D VOREARR 
75. 4— 7 bh mu. ZI m+n. IT: 5 mn. * | 


75. By a ſimilar method may che formula for the ſum and ſommatrix be obtained; 
+ when the ſigns, of the propoſed ſeries are alternately + and = provided that, T rand 


—— — 3 a — * 


* = be © even whole qumbers, | The formula for the ſum i in this caſe will de 


411 CC 
nnd PT 5a Fr PHI. 1 11 + 
bros 3 1 * P | I OE” 

+ . XR: _ + —— — Ke. hs 


95. — m+n ENS. e e 


1 b« 3 1 3 2 
| ; SE | & Cc. 


„ PR — == + &c. — 
nr þ+9. 22-+1 . PD 224 
51-354 3 1 6 Kc. RT | 
2 os NE. tad 
%  J—=r mn = m+20 . mn. x 
3 : 1 e ORG 


K — — + ——— j 

qi, 9— 17 mA. 221 mA. 222 mn. 224 —-— ?- 

in. which formule as many terms: muſt be taken as there are units in $: and —. 
reſpectively. 
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76. Let the ſeries propoſed bs 
5 6 . 
+ it + 2 . ITX. 27K 
It will be a = 4, J =n =5=m=1, p =0, r= 2, and therefore x =. 
1 = 1, 9 = 2; hence the ſum of the propoſed ſeries may be expreſſed algebraically. 


For by ſabſtituting theſe values in the formulz R and 5, the ſum of the ſeries comes 
. | out: 


. NN Ae * * 12 N 


THE SUMMATTON © 


out >, and the ſummatrix 


r LE . 
eee 5 
3 — 


1 2 f 
2 — 3 &.. 
3 92 25 * 527. * 2＋2 . 412 . 0+z 
Here we have a = 1 1 þ=2, m= . and * = 2, 


N 


1 * 15 = 75 Theſe values being written in the formulæ R, . che former gives 


= the ſum of the propoſed ſeries z and the latter 


— 


3 


Ne tobe -— 6k 


2 4＋2 * 6+2z? 


2 E x3 


the ſummatrix. 


E X A NM T IL. E I. 


78. Let the ſeries to be ſummed be : 


| Ws WI WES 4 DV + ORE & .. 142 _ 
1% 3% , 2-0 39862 R . 2+Z+ 4＋2 


It will be a 5 = I, P o, m = 2, 1 = 4, and thence * = Ty 
* = 2, 7 4+ The ſeries may therefore be ſummed algebraically, For ſubſtitu- 


ting the above values in the formulæ K and 8, the ſum of the propoſed ſeries comes 
3 


out 3 and the ſummatrix 
5 I 5 3 3 
8 4 22 ＋•1 P 2Z42 22 +3 1 22z+4 


EX AMPLE Iv. 
79: Let the ſeries propoſed be 


3 * Rs. 2 
1 + - + X. = 


Here a = 3 „„ 3, = 7; and there- 


fore 


OF ,.CONVERGING SERIBS. OI 


fore = I T = 2, 0 = Subſtitute theſe values in the formule K. 8, and 
there will ariſe 


the ſum = PTR e 6. | 
3.4.7.9 
and the ſummatrix | AP ; 8 
7 I3 I I | IL l = 
1 — — X —— — — *-- 
3.4.7.9 * SES OF 545 ＋ F. r 275 22 Y 


E X AME LR V. 
80. Required the ſum, of the ſeries. 


I 5 —1+2%z 
1 — &C . 
1. 2. 6 2. 3. 1 47. N 1. 4722 
It will be a = =1z # STENT SCSI = and thence 


«= , 1 = 1, 9 = 2. The values being ſubſtituted i in the formulæ R, 6, the 
ſum will be z, and the ſummatrix 


„ 
8. T 4 * STI 212 


E EA M P. L 8 32 


81. Let the ä ſeries be 


I LE = —2＋32 
— — — ͤ— —¼ + &c. ern ů — — - 
F x. 2122 . 5+22 


Here we ind s , I n r t from 
whence x , 1 = 1, ® = 2, which indicate that the ſeries cannot be had alge- 


| braically, Having recourſe therefore to the cecumenical formula D (Art. 72.) we 


obtain, by ſubſtituting the above 815 


1—4* 5 —.— e 
74 SS. 24 - * | | & - 
Make & =, = the fluent of the reſult will be 


2 85 3 3 
„„ + 7 © TE hyp. log. 1+y 


. 3 
VE VE A + 9 = bop: r. TH 
©. a: | 


Now. 
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Now put 2.5 , and the ſum of the ſeries will be . 5 3 
22 Be & if 2. | 1 2 * 
3. | 
7 LS , 
x XN A * P * A = YL N 55 bon 
82. Lache fc ſeries to be ſummed be | ferns ON nk iO 
©: 15 > TT + 8 K. 8 1432 : 
| 1 8 2.5.7 379 as wok 31722 
Here we have 4 =q =m = , b=r = 3, P = 0, n S2 2; from whence 


* , , J = f. Subſtitute theſe values in the cecumenical formula D, and 
there ariſes N 8 


2 1 1— * X 2 1 5 1—x X x — 4 : 
| 1 _ 1+ FI AS.» 1＋ * . 9 - L 
in which writing y* es FCC 
dec 233" . Z 22 3 led: 5 
: 1＋ 1417 290% ih 
This expreſſion being cransformed, qr the — fluents 2 the ad is 
5 * 147 * 
And che fluent of the two latter terms is, 4 hyp. 4 1+f — circ. arc. rad. 1, 
tang. 7. ; 
Hence the ſum of the ſeries will be 
= L. Ty T7 — UT + wh y — Sn arc. rad. x, tang. y; which when 


33. It is unneceſſary to W 8 ME ſeries any farther which have but one factor in 
the numerator, For by the ſame proceſs as the ſummation of theſe with three factors 
in the denominators have been inveſtigated, may the ſums of others be obtained, 
with any number of factors whatever in the denominators, by means of Propo- 
ſition 10, Art. 54. | 


NOTES, 


OF CONVERGING SERFTES.. - 
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ON SECTION VL 
ONE . 1 3 5 
As the general formulæ D, R, 8, R, and 8, in this ſection are derived exactly as 
thoſe in the preceding one, by the method laid down in Art. 54. they need no farther 


illuſtration. We ſhall therefore ſhew the application of a ſew examples to thoſe ge- 
neral formulæ. 


Here 5 = 2, and - = 1, hence by writing the values of a, b, &c. in the for- 


mula K (Art. 53.) there ariſes 


JJC 
3 * * 3 X . the ſum. 


* 


And ſubſtituting the ſame values in the formula 1 we get 


111 1 a 
2 2 * 2+ 1 + z+2 + 3X 22 2 1+ * "iP 
the ſummatrix for ⁊ terms. 1 
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A R . . 
The values of p, 9, &c. N uber in the formula R (Art. 73. ) ** 
—2 
wo * 17 += 5 += to & (4) terms, 


_— 1 
4 4 
of 


to 5 (2) terms, 5 


[= 2 


2 * , the ſum. 
720 30 240 


And the ſame values — written in the formula 8, there ariſes 


1 1 

3 — — 383 
: — += +7 + = += * 1 f es © ons 
rt. F Xs 4 Hi 

* 5 1. 8 6 5＋2 : 6+z 2 5 

1 „x . 3 the ſummatrix. 


240 4 3+2 - 4+z 5+ 0+2 
To exemplify the ſummatrix, let the ſum of 100 terms of this ſeries be required, 
Here z = 100, and the laſt expreſſion becomes by ſubſtitution 

31 746131 712257 
24 79483040 © 47089824 

We have here another inſtance of the e of this method of ſummation in 
reſpect to its elegance and ſimplicity. For this ſeries, which is one of thoſe originally 
propoſed by D. Monmort, is thought by De Moivre ( Miſcell. Analyt. p. 138.) to be 


the moſt difficult of them all; and though he has given the ſummation of ſeveral of 


thoſe ſeries, yet this he has paſſed over with barely pointing out the method whereby 
it might be effected. We ſhould alſo here diſpatch this Art. were it not that a very 


eminent mathematical writer had given the ſum of this ſeries widely different from 


the above, in his Meditationes Analyticæ, publiſhed ſince this treatiſe of Mr, Lorgna' s *. 
We ſhall therefore firſt try the conſiſtency of our Author's method, by reſolving the 
given ſeries into two others, and finding the ſums of each ſeparately, before we take 


the liberty of examining the Doctor's proceſs. Now the propoſed ſeries may be re- 
ſolved into three different pairs of ſeries, any of which will equally anſwer our 


purpoſe; but we ſhall take that which is the moſt obvious, viz, 


3 "_ * — nad —— * r e n A —- "—_— OE ES” FEE 2 dad — 


2 — ( 


* Mr. Lorgna's Specimen de ſericbus convergentibus was publiſhed in 1775, and Meditationes Analytice in 
1776. 


* 
338 


— 


or o ee VE 1 * 


% 01 4 
1 1 D | ; | | — the ke. 1 — 
325 33757 1 4 +0 25 46.8 8 a. 6. 8 ry A 2 "7 IUNY 1 
co Et 54g e fr 1 — — 
58 7 RTE oe 357 T6 HIT 
and therefore the difference of the ſums of theſe ſeries will be the ſum of the propos 
Lad . +. | | I 42 367 £ [ . ” + 
one ——— — — 5 * de. 5 
D SS 7 6. 


> 5 * 


1 
: ide tl —— — 
bow . is evi en ay ect 


1 my 


rare 


whence by compariſon, p = 2, 7 = r I = 4 ach * a2. ITbeſe values 
fubſtituted in the formula L (Art. 1 3. ) give — — X 5 + - I 25 the ſum ad in- 


ini tum. 8 


The ſecond ſeries, being divided by 6 that che numerators of the terms may become. 
unity, is. 1 
18 6X ; ; 1 11 


The general term of the fuſt ſeries an. 2 


which correſponds with that i in Art. 13. of Nader the general term. is 


3+5+7 3 * c7- 4.6.8 . 5-7 + 9 T W 442. 7244 


which coincides with the general form in Art. 32. . 
es CEXEE 1 ＋ 2 


Hence by comparing the general terms, we haye 
SW HYD n=5s=1,m=4,r =b, and . n= 4, „ = 2. Theſe: 


values. being written in the formola P-—Q, Art. 33. we obtain 


1 1 1 SORES 1 190 N 
— X ; —  - ＋— — |=— P 


e e e903 cial 
„3 (= 0 * Q) I 36? wh:ch multiplied 


by 6, becomes 80 Conſequently, taking the ſum of the latter ſeries from the former, 
there ariſes. 
2 1 
14 d ao” 
the ſum of the propoſed ſeries, the ſame as before, 


We ſhall now conſider De Moivre's method of ſummation, as given in his Feel. 
Analyt. lib. 6. cap. 3. by which method it is preſumed the Doctor intended to have 
ſhewn the inveſtigation of the ſum of this ſeries in his Meditationes dnalytice, Now, 

23 this. 


as ad a > = - N 
— n CR - -—-, > — > * 
— . OY, 99” 


— = 
E FR oy — 73 - = = _ 
— — — — — * 
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is ; 2 23 e —— r e 
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»\8 
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. K 
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FP wan mg 7. WITT OW. = — 5. 
1 n E 44% as — — 4 — I PER 
os en 3 r og Chr x "> : 
— 5 r a . L 
Fu — — 22 "be AMES —— 2 - — den — E 4 
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n 
RT 


4 
4 « 
= « £ . 
. i A ; 
a * 
* 44 4 
F : 
= . * 4 
- . LY 
0 
7 


Yr . A r. 1 n 


this PPT RL DIS afſitine. a ferich (A) * his the odefi- 
nite-quantity / 7 being taken ſucctflively equal to the termsivf the progreſſion, 1, 2, 


3, 4, Us Kc, the;reſuſt Thall be the \ very ſeries propoſed to be ſummed, commencing at 


the p+ pla rem. Then waflums ; another ſeries (B) the terms of which confiſt of 
the indefinite OKs p, and known ones, and which are multiplied: into the terme 
cf the progreſſion x, &, x*, &c. beginnipg with that term of the ſeries, (B) of which 
the GenomAter ren into that of the firſt term may contain the fame * which 


multiplied by ſome binomial brüste de fon, as 4 — 1, * — 1. . 
& c. ſuch that may produce a ſeries ſimilar to the firſt aſſumed one (A); in which 
making, the binomial or trinomial expreſſion = ©, and tranſpoſing the negative quan- 
tities, there ariſes. a finite expreſſion for the ſum of this ſeries ; which ſeries coincides: : 
won A wy as Ea or; dividing by ſame known 1 


Now the enen term of the pro ſed ſeries 1 — £ | 1 
: - "= e „ | 
which may be tefolved into theſe two, = n 


3 2 71 2 I＋4. 7 
And the ſeries correſponding to theſe general terms, when p is expounded | in order by 


the terms of the progreſſion I, 2, 3, 4, &c. are manifeſtly 


x I 1 1 1 
n e e 
"i 6 8 1. 
32597 4.68 55 57 TW & ol 3+4 l 


Nothing therefore can 4 more obvious, 3 when De Moivre has ſhewn that the 


general term of the propoſed ſeries may be reſolved into two others as the above, that 


he means the difference of the ſums of the ſeries defined by thoſe general terms, being 
found by either the Bernoullian method of ſubtract ion, or his method of multiplica- 


tion, ſhall exhibit the ſum of the propoſed. ſeries, But here the Doctor has ſtrangely 


miftaken the proceſs; for the ſeries he has aſſumed for either term can by no means 
be made to coincide with the ſeries defined by that general term, whatever value be 


5 given to p. And the aſſuming of p (n) = o in the concluſion is abſolutely abſurd, 
as that value does not reduce the firſt aſſumed ſeries into that propoſed to be ſummed, 


which it ought to do. Hence it is evident that the Doctor has ſummed a quite 
different ſeries from that he intended. For according to his aſſumption, the ſeries 
will be (making n = o, fince it is ſo e N the value of the whole ſeries) 


6 EE 5 
32 3 4.0. 8 2 $8.19 10 * 


or con VERGT no” SERTE 5 me 
-and the latter ſeries taken from the former, there remains ihe Tint; 5:1 00h 


8 1 a t 
18 IO» 12 SR 12 « 14 6. 1404 


R in "Art. 73. of this Treatiſe, agreeing with the Doftor's As ER 
We ſhall now give the true proceſs NS oh to De Moivre's ay" 


The ſeries correſponding, to the general terms — rr 
e x1 eee 
have been ſhewn to be reſpectively 


. ge 6 bd rtnf ob nb 6. 
+ .. han bi + &c. 
FJ ras hy 7 * 395 3 * 55 | 


In order then to adapt general ſeries to theſe terms, we muſt evidently retain-the fac- 
tors in the denominators of the terms of the mamerical ſeries, that when the indefinite 


quantity þ is made equal o, the reſult may exhibit the tohole propoſed ſeries. They 


may therefore be pencrally . g= 1 | 
. 775 * Fre 55 7 
6 6 56 


== + ——=—— 4E. — + &c. f 
PZ 75 2 275  P+4+2+60-2+8 Fs Fa: XY. . -- 
where nothing can be more obvious, than if 32 0, the ſeries will become reſpec- 


tively | 


I I I 6 6 
— + —- + — + &c.and — + — ＋ 
3-5 > 4:6 57 1 r 
Ste 2 C ; 6 
K N the pech — '&; — Xx — + 
CN OO 4 + e 7 + 4.8 5 8 
. 6 
If ="2, they are! + abs de. eaad—— + 8 7 &c. From 
E 5 + 5-7-9 6.8. 


whence it appears, that if in 8 * expreſſions for the ſums of hte general ſeries, 
we take p = o, we ſhall have the value of the whole infinite ſeries. If p = 1, there 
will be given the ſum of the ſeries infinitely continued, wanting the firſt term. If 
p = 2, the ſeries will be ſummed wanting the two: firſt terms, and foc on at pleaſure, 
Let the {cries therefore aſſumed be 

pf jew digs noon ls 
"3 "5 +4 iS pts ö ＋7＋ 

which being multiplied by æ&— 1, there will arife 
| 1 En 1% ine 


55 Þ+4 F . 1: $5} 


x3 + &c. = 8, 
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wo 1 
32 
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and by duale adding the ſimilar terms, 8 itn 10 25110 12/431 ods 


; 5 TL-C © 
Bio 4 4 6 L #4 :2&A 


x : 
*& I #2 


I 271 3 FN . Ty 2x" 2 


W n * - e =50T 8. 
p53 Pr 275 +5 214. D Dr T. 


Make x—1 = o, wranlpoſe the negative ere and aluſge the whole 1 25 and the 
reſult is | 5 : . 

———ͤ v ..—ʃ 22 1 4 the. = Re", 4 + . . 
Þ+3+ S 57 *P p +6.-- N 7557 ae n . e aue 
And if we take >= Oz the n becomes 


| "Vf 65 j- | 4 
. PE + aha be. 2333 
1 58 25. 855 25 . 
In like manner the ſecond Ts may be | | ENS 
.6 3 e 8 Hr 3 
o—+ — —_ | = f = nip _—==>" mY "IM 4001 
F N DT PA. T. S PTS. 770 | Hh 
and the ſeries aſſumed 3333 (ok Z | 553 185 , 
6 6 | 


— 14 = Þ === #*:+ == ada of + &c. 8 


3. 15 54 Frs pro-py7 p+6.p+8 
which multiplied by x—1T produces e a 


6 3 * 1 : 1 1 2 of? 
— 121 — y = 


7 Fre FT 7 Fs. 7s. 77 1 3 


+ &c. = iXS. 


Make x—1 = ©, tranſpoſe the negative terms, and divide the whole by 4, and there 
ariſes. 


6 | 6 8 You 2 3 : We” 4 
4*.PT3:PTÞ5S 4-P+4-p+0 .| 


P+3-PES- P47 i+4-p+6-2+B 
which equation, by making p = o, becomes 
1 5 2 .. he he 
— ＋ a &e c. = =>, the value of this ſeries infinitely 
33) 4-0 a8 547-9 80 1 vs * 
continued. Conſequently the ſum of the propoſed ſeries is "oth 80 Ln as be- 
fore; which, by an improper TORY the ſeries, is b brought out in 


the before · mentioned treatiſe — — 
1 


It is here worth obſerving that the ſummatrix of this ſeries may from hence be 


eaſily deduced. For it appears from what has been ſaid, that whatever whole num- 


ber is taken for p in the infinite expreſſion for the ſum of the general ſeries, the reſult. 


will give the ſum of the propoſed infinite ſeries from the p+ 1 term, which being 


therefore taken from the value of the whole ſeries muſt. give an expreſſion for p initial 
terms thereof. 


The | 


of ConvencingG SERIES. 7 0, 
I: £4: 3 Doan ein 


The fummatrix of the firſt ſeries will therefore boa. = ——=z and 
Lb) 24 55 2 775 als. hat 
of the ſecond — — „ — 3 : | Conſequently, 
80 4-53. +5 4. P T4. p+6 
J ͤööꝰbł 3, + — LL ia 
24 8 2.943 2-þ+4 4-P+3-p+5 4-9+4-+0" 
is the ſummatrix of the propoſed ſeries for p 5 which by reduction becomes 
„„ 4- NE +? 76h — — TY as brought out in Art. 77. 


240 4 n Ws 
We ſhall now for the ſake of variety, ſhew the ſummation of wu ſame ſeries by 
Bernoulli's method of ſubtraction. | | 


Aſſume the fries — +> + 6 4 7 + &c, 


from which ſubtraCt the ſame 3 and . have 
A += + ++ + . 
18 OR 
1 33 = = 5 = Ke. = 0; 
hence ——— + == + —— + &c. „ 


which divided by 2 becomes 


35 5 7 „ 
A ſſum a 2 FUR can + &c. from which ſubtract the ſame ſeries, 
_—— 7, 7 e ſame ſeries, 
and there remains 
— 6 24 24 
— + — —- —— - —7 - Kc. = o 
. 3.527 44 © p 
wes 2 BENE. + XC. = = + Em x which divided b 
OY I ak Sh „ , 1 
3 = 78 TY 
becomes 838 * * 7 &. = a "Yd as before, 


In leaving this Art. I muſt obſerve, that it has been with much reluQance I have 
been led to cenſure the writings of ſo eminent a mathematician as the author of Medi- 
rationes Analytic, &c. &c. but as it was an indiſpenſible duty to my author, and to 

ſcientific 


* 
. 
4 
23 
a 


WS : 
— 


; 


122 


. nn tr Ee 
9 1 


* _— S A — 


— * : — 
n — 8 
2. Box . 

FR og oats 
— 


1 
_—_ 7 hi =”. al — = - = = 
rr oe we ey. 4- _ =_ - 5 = 
IAPEBET DEEE £45 ED AW bg ing . .. - RI <2 RO; . 
0 - 3 - * T5 — _ 
— — — Po 
2 — ky "T5 wk. % — * A = — 
2 — I + 4 Sx — 2 2 — > — — — 
m NI . = — © . — 
— y . : 


ar 21%. ” Hp TY 2 
n 
di — th —_— 
— — mo 
D 


"=o 
* a — — g N CO Ay r o 
M wa. _ r — of - 1 7 

Ts a: 3 - * moe cn - = IIS 4 £39” 4 214 IO Le = 
SETS” EE S ee x EE} 4b 24AhS — 2 2 ; 

- 8 * * _ — ©, WAN we. 2 
q + —_— - 2 8 — — — r — . unto 
Sheet E A Ac a P S LEES 

- * - _— — R 0 _ _ k 2 


— — r 9 
— = 

REEL ESTI "I — 
— ——— — — NE 

jp a - O wo -- 
cs c 

1 =. ” * — 
= bs «> 


3 4 2 PRA O 
r = 6 
x r 
Derr 


= PRE ry — - u —= _ CR = _ - 
pd s ie — A * = 
ECC mt + 2 D 
— . ho FE rs — he — 2 
. 2 rr 1 - = AA J 
4 — — . - — — 
n E 1 E 
* * ot a ae - * e 
og — Mon CARES LY _— TY 


8 , ' » 


8 N H E. 5 A o 


ſcientific truth, it is hoped that no one, who has diſcernment enough to ſee the pro- 
priety of it, will impute it to either the arrogance of a pedant, or the cynical — 
fition of a modern mathematician, 


0 4 — 9 * q — „ - . *% < 4 . 
3 bo 1 7 * 1 — : a. IT IO 
” „ wy 
„ * 


1 


The values of a, 6, &c. being ſubſtituted in the formula K (Art. 15:) there ariſes: 


And the ſame values written in the formula 8, produce 


E . FT 5 I Tk I ; + * * kk 
| 2241 22 T2 43”, nut, 


4 22: 1 7 * 2 273 * 22＋74 


n 4 and 5 are applied in the a manner to the formulz I R, S. And the 


two laſt are ſummed by means of the 3 formula Di in Art; 72. Thele four: 
examples, it is obſervable, are of that order of ſeries which have been thought incapa- 
ble of ſummation ; the facto s in, the denominators not be ing in che ſame arithmetical 
progreſſion. 
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_ » kf} 1 3 9 2 


a — « - 
x . 62 « * * 
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84. To find the Sum of a Series, the Nameraters of which confift of two fir la Fattors, 
and the Denominators of any Number F en whatever 3 the general Form Fg ex- 
Preſſed ly | | | 


a+bz Nc ez | 
. eG — 
PT Z. m4+1%Y TT. 1112 &. 


From Art. 3. and 5. we have 
„ eee I» a xf *1+3 


I 


79 IFx Ff © pF 3g 
Multiply this equation by v mo 7, and let the fluxion of the * be efigned | 
by prefixing the letter 9 ; then divide the whole by æ, and the equation ariling is 


E Kc. 


1 9 AbZ 1: 8 2T25 x** 51 2735. ** 


= = — + * &c. 
x EY: - i 7 ＋27 1 
Let this equation be multiplied by x” , and the fluent taken, and the reſult 
will be | | 
C 2 | B * 2:6 — . 2 * . 7473 1 
1 PT. m+n PT 27. m2 PpT 34. nr Zu 


This equation being again multiplied by eæͤ« „ the Auxion taken, and divided 
by z, there ariſes | 


| ie: e- mn e ee 0 reer 
D = 2: Cex | aG. ce. ＋ a+26. 8 


1 — 
— — — 


* PTT nA P29. 1142 
Q This 


+ Ke. 


FY 


— 


18 


This equation being multiplied by ͤͤ-ñ⸗˖eIkä „ and the fluent taken, we get 


| Pa off 12441 r: 5+2 
"ms Jb. „ x 4.2 F2be eF 2, Xx 5 4 he; 


| —— 


PTT. nr T. P24. M 2. 1425 
Again this equation multiplied by ͤͤ⸗/, 4, and the fluent taken, the reſult is . 
| - a I — — 5 : 2 — 1 . N 
F — ren. 8 . 0 1s 7 4 ＋ 26 . ca e . 0 ** 
. PT. MA. 7 T. TH PT 27. 1 ＋ Zu. 125. 7 20 


+ &c. 
This equation multiplied by "ee" 4, and the flyent taken, we have 
— e 1 1 * | 2175 c Te. 1 + 
A Pp? T „rr r. +» 


a+2d .chas, off 
p+2q4.mHh2n.r+25.t+24.p +2» 
and ſo on in inſinitum; the law of progreſſion being evident. Which expreſſions being 
rectified by ſubſtitution as before, and x put = 1, both in the ſingle terms of the 
ſeries, and the expreſſions for their ſums, the reſults will exhibir formulz for the ſum 
of the ſeries, with the aſſumed number of factors in the denominators. 


4 &c. 


85. Let the ſeries firſt propoſed have three factors in the denominators ; z in the ge- 
neral term of which the greateſt power of the indefinite quantity 2 in the numerator 
is but one degree lower than the greateſt power of the ſame quantity in the denomi- 

nator, Which order of ſeries is conſidered by every writer on this ſubje, as abſo- 
lutely impoſſible to be ſummed... 


The formula for the ſums of theſe ſeries by the preceding Art. is E = {D# . 
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Subſtituting therefore ſucceſſively the values of D, C, B, A, and making — — — = 4 


q 
8 q E 2 * Ll -—< = x5. 5 = 9, the reſult is 
"I bs Ou rs RTE ee 
E. be | Wap fret * 
I 1 9 N I 
EI CI «69 eee tes 
| n E 
terms which contain two ffuentials into two diſtind ones, by Art. 10.) 
wn er 174 CRT IL CIT RY 
"ear f 15s quem, Nr Ix 


o CONVERGING SERIES „ 


———ů — 171 4 % 4 ; 
beX2- 7 . Now make * Et without the fluen 
559 JS 456 


tial ſign, as alſo x = «, & = 2x; and by colleing the terms which rs a commer 
coefficient, the expreſſion becomes 


27 * | _ _—_ 


In thoſe ſeries therefore WEE have their ſigns Sy + arid =, ſubſtitute 


9 — 7 in the place of 12 5 2d the formula for the ſum will be 


b5. 1 142 * 47 74 
0 2925 1+x. 
which, when 9 is any uneven whole number, becomes 


— Fr + &c. x 1225 * ., 
. 
the fluent of which being taken, and x pot = = 15 there ariſes 


be Os I I 


+ — — — 


* 1 
a cc = | + + &e. * 
4 E * +9 5727 PT 34 78. f 
86. The ſummatrix of theſe ſeries may be derived as follows : In the formula B 


— P * 
ſubſtitute for A the principal ſummatrix — * . : 5 — 


value of B being ſubſtituted in C, and wake this value of C in the expreſſion D, and 
laſtly this value of D in the expreſſion E, the ſummatrix required will be 


be 7 — X I x aff; 


— Z (Art. 10.) which 


2777 1+ : 
which being ordered as in the preceding Art, and x put = 1, it becomes 
* '#H I I I I I 
E) — XxX — == —— + &. 
(E) 2ns PF F792 * „ 2497 
2 15 PT7. 2211 PTT . 2272 PTT. 2273 


87. In like manner if for à and æ we put reſpectively x and 2 2, and in the expreſs 
fion ariſing throw thoſe terms into one which have the ſame coefficient, we obtain 


* 1 x #f*? ; 
29n I+x „„ I +x : 


Hence if be taken any odd whole number whatſoever, we derive as before the ſum 
of this ſeries, as follows, 


Q 3 73S 


2nsS 


s. 2. „ 4 
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5 1 1 —— b 
Gf © Fenn + == = & „ | 


n n Age rf 


48 : 1 3 33 
— K: — — — &c, 3 
( 2ns p+9 TA. 0 775 5 Ne 
3 e 1 I 8 Es 
8 . 
223 * 22 T1 7 -Sbia'4 2 2 2 74 | Pp 2241 


in a which as many pairs of terms of the propoſed ſeries will be ſummed as Wwe are units 
in z. 


tx A M P + E 2 
88. Let the ſeries CO be 


e 


SE. + e 10. 81 3 15 132 Ar. 
8. 8. 23 | 13 14. 28 b 18. 20 33 | 3+5z . 2+6z25 18+c2 


J T / K 
=: and therefore = = = x; a=S==—= 
Wherefore as 4 ( 3) is an uneven whole number, the ſam of the propoſed ſeries may 


be expreſſed Bien. F or ſabNitting theſe values in the formulæ E, E, the 
former produces 


, eb; 
and the latter | 
: * . Pn 1 IS 


8.9. 13 8+10z2 | 13+10z 18 T1022 
the PESO 8 


er en 0 
89. Let the ſeries to be ſummed be 
13 Eh. 3+22 + TESTS] 


1.8.10 7%. TT Ts -T0 2.6+2z.6+4z 
„ 23, =n =2, /=0,f7=1,a=r=b, r= 1c := 10, 
: = è = + = 35 | | 


therefore the ſeries may be ſummed algebraically. Subſtitute theſe values in the for- 


mulz F, F, and the reſult is >, the ſum @ ginfinitum ; and 4 * 8 — Ar + 
1 I | 
2831472 22713 


, the ſummatrix, 
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1} 035174 e en 

E X A M. wo * E III. i 


90. Wen the bam of the ſeries. BET. þ 5 „ n 11 
10. 12 12. 19 +4 14 +26 | _— . 5+72_, 
7. 13 25 ne 5 T2 IT T2 117 1 


Here it will be a = 8, rec e o H ang, = 10, 
s$ = I4, and therefore: TT 43= a, 3 2 -— + = = 3 . the t may be ſummed 


. Subſtitute theſe „* in the formate F, F, Me. the ſum riſing 
will be | 


» > 


*. 7 . = „ - 2 — # 
4D 8 5 1 F Fg F * 
* 0 4 & SS * 4 


1.7. 9 71 
and the ſummatrix 7 e 
L 1 TEEN g 


3 n | 1 i 974 Lal 


* ages , V2 * r - * 


EXAMPLE IV. 


91. The ſeries propoſed is 2 


1. 3 1 5 1 ; | bs =: 
„ 4+. To» Pi Fo Op, bd | oy 3 Breach 
Here we havea =0,bþ =c = Le n g Pg 2, f n E 35 . 5, 
and thenee x": = 7 * = 72 = = =, and x . ; conſequently the ſeries cannot” 


be ſummed purely algebraically. But by fabſlituting the values of a, b, c, &c. in 
the œcumenical formula E, and making « = FE without the fluential ſign, there 
ariſes 80 


14 Pe N 110 Mal? 182 
3-13-19 5 „ 17 2.70 f 190% 1 


Now 1 in the ſecond and third terms make x , and they become by reduction 


„ , J 


hs | its of which being taken, and y put = 1, the reſult is 


* _ arc. 45, rad. 1. 
Andi in the firſt term make x = , and it becomes 


13.194 * 13-19% 11 70 | T3194 N 


the 


— N - a» - — 
n = = 24.6 1 
— — — —— e — 
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KH} 
nu 
bi 
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i 
[1 
1 
% 
18 N 
1 
by 


1 e s bet ut. F 1 


the an of which | is 


1 8 BT * . 
2 „ 1 og. 1 5 
To * byp. log: ſp. log ob. hea | 3.13.19 2 25 
are. rad. 4 2 tang, 7 — 5+ rhe cxpreſion being cortectel, andy 3 put = r, there 
— — 27 — | 
ariſes 74. = byp. Tog; 2 S Tort, are. ate. Tad, 1 7 £0 rang: 6c: Conte: 
quently the ſum of the ſeries war Be expreſe we * | 
3 1 1 4% . 7 n 
IT, 247 1150 as) rad „ + 13 re 3 13 70 ere. arc. rad, 
1 73 ls: 7 uno ot. 1722 igg_< I 
E X A M FM ä 
92. Let the ſeries propoſed to be n be — a 
e TZ. IT 


1. 1. 85 221% - v$43$p JD 2 2 Q 1T22 322 
It will be 2 = 322 = 1 n 1, b S , 2 „ a. 
From whence x = 1, a = , = ; , whieh indicates that the ſum of 
the ſeries cannot be had algebraically. Let the above values of a, b, &c. be there- 
fore written in the œcumenical formula E, which being then properly reduced, and 
& put =1 without the fluential _ there is . 
1 K 11 LE 33 

In order then to obtain the fluent of Wan let # be made = y* in the ſetohd 
and third terms, and 7 become 


11 þ s 7 5 
111 72 16J 1+ 7” 
the fluent of which being taken, x your = 1, we have 
11 


— 75 "ds 45 5 rad. 1. 


But the fluent of the wy term is J hyp. log. I Tc, or when & = 1, 2 hyp. log. 2. 

Therefore the ſum of the propoſed ſeries is 5 
3. 4 a+ 5 6 4g, rad 1. 4 | 

53. It might be eaſily Jomonfirated. if neceſſary, that theſe ſeries having three 

factors in the denominators (that is when the greateſt power of the index z in the 

numerator is but one degree lower than the greateſt power of the fame quantity in the 

_ denominator) cannot poſfibly be ſummed when the ſigns are poſitive ; the general 


expreſhon for the ſum in that caſe involving a quantity abſolutely infinite. 
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' Whoever has attentively confidered the mode of:inveſtigating the general formulz 
in the preceding ſections, and which has been fully explained in the notes thereon, 
will find no difficulty in tracing out theſe in this ſeAtion ; being determined by a ſimi- 
lar proceſs. We here ſee with what facility the ſums of thoſe ſeries, which have been 
hitherto thought incapable of any general expreſſion, are obtained by their application 
do the general formulæ. The ſums of the three firſt examples are immediately de- 

rived by ſubſtitution in their reſpective theorems, as before; but the two laſt not 
having the neceſſary requiſites for the algebraic ſummation, are referred to the cecu- 
menical formula E in Art. 8 8. The former of theſe we ſhall therefore endeavour 
to nme, by exhibiting the ſteps of the 2 


; A R F. 91. 
The terms * are | | 
—m—_ ————_———@<__—————— 7 
mT 1 141 $+22 p+9%. m+nz.r +85 
from whence are deduced the values of a, l, c, Ke. as in the example; theſe being 


written in the ecumenical formula E, there ariſes 


2 ry 2 1 „ © 
. C 
ZX2X2X N 75 NaN 0 Eine og 


+ 
A 


— 


| 7 1 CA 8 U M49 . P 0 NI 


7110 mY . 3 
IX2X=—, —= — — —— + — XK 2 
4 © 6 * $;- 0 * PIER ſx Kt 
198 10 13 x 
8 5 5 P O 75 


e „„ 
741 e 7 | 1+x I 1+x 


#4 7 8/5 FW 
741 Ar 1＋ * T 19 1+x' 


Now, by making x = y* in the firſt term, it becomes 


Kg. EPA = — . 5 Is evidently = 2 — 2 
741 145 * 2470 1779 17 14 1—-37¼—f i 


2 


The fluent of the fir derm Hp jh Th; I+y, And hat of the latter, having a trino- 
mial diviſor, may be eaſily obtained by prob. II. p. 363. Simpſon's flux. where, 


by comparing the terms, we have m =1, 1 = 1, 4 , and therefore 5 8 coſine 


of a, rad, ter . W. Pl dre 8 log 1 . 1 7 CIC, 


4 | 7 211iBlc 42 7 172 Had UE OT Be. 
are. rad. 17 fs 1 22 2 9 -which 1155 ate on Art. * S 1 $5 
- Vinay rt 2 | 
— : * 3 : 
2 hyp. log. 1-5 15% + 5 cire. arc. rad. 2 80 3» fine — h 2 
r e 31 Lmgc 
oh +5 | 
or tang FA ie i 4 e And, therefore the vent of the firſt term is 
4-25 - e 1%. 271 5 inen 
25 14 yy 2.14 e. arc rad. 4 tang. 3. 
(making y = = 1) — 8 2 — 75 ire. rc, Tad. 2 „3, tang. 


As Emerſon's SM for trinomials appear to moſt readers to be ſomewhat intricate, 
we ſhall again ſhew the inveſtigation of the fluent of the ſame expreſſion thereby. 
The form correſponding is the 28th, from whence à = 2, , 1, 0 . I, F = —1, 
g=hf=AaAs=vV3 v.=—} 934 py = +2:4/3++4 9; and the 


transformed expreſſion becomes | . +: 
vo +393. we * V TT A* * . 521 
v3 ET oy LEW ic. 
Car . He . _—_ FE 8 3 Tex, 8 
2 . + 2 S * 
121 r 4 ＋ * 4x + V? , TT Tr 


The fluent of the firſt and _ terms 1s had by form 4th; which, by reduQtion 


and wſioring the values of v and V, becomes 4 hyp. log. 1— D . The third and 


nan 
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fourth forms belong to form 5th ; and the two laſt to form 11th; the fluents of which 
terms being connected by their, reſulting ſigns, the values of v and V reſtored, the 
terms corrected, and laſtly y put 1, the reſult is 3 cire. arc. rad. I v3, tang. 3, 
as before, But as the reduction of the fluents immediately refulting from the tables to 
the above forms may not be very obvious, we ſhall give the proceſs at length. In 


comparing the firſt and ſecond terms with form 4th, it will be z=v („ 1=2, 
« 2, f = i; hence | 


VV 
17 


' ov. 


= x L. IV, and therefore 


4 FW AxL Tre LIT I. Ne 5 


(reſtoring the values of v and V) 4 L. 1. 
Comparing the third and fourth terms with hn Sch, it will be „ =2, a = 


1 * | a 
8 2 1, and. £ = 2 Circ, arc. rad. I, tang. 2 = T die. ne. 


3 
47 


Wa * 
rad. 1, tang. 2V ; hence SE £7 "ITS X SX diff. of the arches of which 


the tangents are 2 and 2v, to rad. 1, = (by.nor on Art, 63. and multiplying by 
4: 4 2 V'—v V 0 


— — cire, arc. rad. 25 tang. 1+ 2 or 1 


; which is negative 
4 2½ 


becauſe 2 . | 
Again, the two. laſt torms compated with n. . ities = |, 8-= 1, „ 2 2, 
½ = —1, T S o, A = 17/ henee g'(the fluemt of 4+ 90*)”* ©) = 2 circ. arc, rad.-1, 


2 - 


ng. | S v V 
tang. 2 v, as above; y = 15 2 952 33 and therefore E = - 2 p. In 


like manner we find Sx = = V4 0 6 being the fluent of 3+ ot V =: 


nn — 


* * 5 . 
* tv". 


; 5 
* 2 circ. arc. rad. 1, tang, ee „ conſeq. by ** thewalues of v, v, R 


2 circ. arc. rad. 1, tang. 2 V), hence 2 i But 


and multiplying by Jo the Avent of. theſe terms comes: out — 1 + 3 . 


rad. 1, tang. Hence at length we have the fluent of the four latter. 


R. [= 
245 


terms = 
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a Par. O rnold enror driucol 


on, 


rm mm mmm == — — "cn — f 
I 105 ' 1 TS LEY 10 | 1 „ 
* 4 z vgs M11 plan 2 : F gniod eins 
2 
= TY. 
tang, | | FF = 
| 771 rd "2. & 341 '1 1010 


But this expreſſion evidently wants 2 a- corredtion, for when 722 o, it. it. becomes 


— ] — => arc. rad. I, tang. — ; and therbfore this -conſtant part 2 2 
| xF* - = Ra. T2 ie 


from the laſt fluent, there ariſes — 1 + 1 2 arc. tang. 7 — — f + I Arc. . 
tang. — „3, (rad. 1.) for the correct fluent (vid. Rationale Circ. Numb. p. 162. ). : 
0h (by note on Art, 630 + arc. "Ot * 973 Fm r + are. 5 

+71 ; , L135 » +: i 4 7 a ? 
2yv3 4 5 22753 
tang, — , hence the Su becomes —— CiIC. arc. rad. 1 tang, — 
18 — 27 —4 + v3 Wks 12 
which reduced to rad. 1 / 3 (vid. note on Art. 30.) i is 2 cire. arc. rad. 4/3, tang. 
11 5 37 | | 1 
— or 2 =, or. 33 12 20 


It may be of ſervice to the young reader Juto ir here, how necehly 4 it is to 
have a preciſe idea of the correction of a fluent; the former method not requiring 
any, while the latter would need a correction in every term, were they to be taken 
ſeparately. For in this caſe, where the fluent is expreſſed by tlie arch of a given cir- 

cle, determined by a tangent Which is expounded by ſome variable quantity affected 
with known, ones, it is plain that:the whole fluent ought to vaniſh when that variable 

quantity is ſuppoſed to become nothing; the arch and its tangent being cotemporaneous : 
If therefore there ſhould reſult ſome conſtant quantity from that ſuppoſition, that reſult 
muſt evidently be taken from the fluent firſt found to make it correct. This I know 
is nothing new, but is explained in moſt books on the ſubject, and in none more ex- 
plicitly than thoſe I have referred to; yet, notwithſtanding, we frequently meet with 
errors ariſing from hence in the ſolutions of problems, which is the reaſon of my ad- 
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104. It i Altogether. ſuperfluaus to purſue theſe ſeries any farther, as it is 
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panding this laſt term, y*5 + 33 = y3 +3 = + 7% The fluent of theſe terms 
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Is = 7 + = „ +9 — byp. log. 19; in which making y = 1, and 

multiplying the reſult by = there ariſes ; ; | 
. 4 : | f 

| 9 
„ ˙ -S ; 
Hence _ + 3 Lit = = L. 2, is the ſum of the propoſed 
ſeries ad infinitum; or 456688 &c. the proximate value thereof. | 
| SECTION 
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10g. To inveſtigate the Sums of Series being the Reci procals of the Powers of the Na- 
tural Numbers. 


From Se. II. III. IV. we have the following general formulz, expreſſing the 
ſums of thoſe ſeries of which the numerators are common, and the denominators con- 
ſiſting of any number of ſimple factors at pleaſure, 


Pigs „ IA P 772 2 773 
77 . 0 


JJ 
* e be way 1 3 6 
* ; I+x pT X m+7 P29 XX m+2n 
| m: 1＋3 i | 
& _ . | 


pA xn 


CTYVTHHHSS SS = = —— — . —̃— 
1 ricky 
| I e, fa of 2 1% _ * 8 
275 | I Fx Þ+qXm+Hn Xr+s 


It 


r:5+2 
* 
, + &C | 
p+2q X m+2n X r +25 i 
3 BY ho: $1.4". 
1 2227: jp , : — 1 1 — 1 : 27— 1 * * 
en 71 „ 4 u 1 N _ 
ngsu | 13 
og 1 FE | „ 14 ; 
— + &. 


2 +9 X m+n X 7+5 N i+u p+24 X 21 X r+25 N t+2% 
and ſo on ad libitum; the law of continuation being manifeſt, 


106. Now 
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106. Now the general term of theſe ſeries is | 


. a 1 
— ——————— .. — 
2 TY X m+nx X »+52 X t+uz X &c. 


and the general term of the ſeries 


may be denoted by ny _— pliers m may be any whole number, even or odd, 


Hence it appears that if in 0 above formulz we make p, m, ry t, &c. = o, and 72 
u, , u, &c. = I, they will become reſpectively 


1-2 2 3 

z © * x” * 1 
[= — = * = Ke. 

* I Xx 2 3 4 


* x £ 'F*- # ** x 3 x* 
Wn 3 8 a — 
r ö 
| x * x3 x* : 
3 _ ee wo ok . 
3 72 77 T 2 . + &. 


and fo on in infinitum. If therefore in the ſingle terms of the ſeries we put x 1, 


and ſuppoſe it to be ſo taken in the expreſſions for the ſums when they are expanded 
and the fluents obtained, we ſhall evidently have 


x I 1 1 1 
ſ = =1= — == z— + = = &. 


I „ 4 5 
[<= CCCP 
VWWVG ine en 


6 &c, 7 — '=ſ= — [= — PEPE — 2 will be the ſum of the ſeries 
— 


of which the general term is P = Q = —, provided that in the fluent of the ex- 
2 


preſſion x be always made = 1; in which general formula as many terms muſt be 
taken as there are units in the exponent m, beginning from the firſt interior ſign. 


107. From the ſums of theſe ſeries which conſiſt of the natural numbers, the tran- 
ſition is caſy to the ſums of the powers of even or odd numbers. For afſume 


P.= 


ms —_Tint: $UMNAITION 
v = +5; +7, + be: 
Divide this equation by 2, and mm ariſes 
'P 
* * 5 + > the x ke. 
in which there are only even E sab this equation from the firſt, and. the 
n! is 


E 2—1 9 


in which are found the powers of uneven numbers = < 

In 1.ke manner from the ſeries P may the ſums of the ſeries be inveſtigated, when 
the ſigns are alternately poſitive and negative. For let the ſeries for even numbers be 
multiplied by 2, and ſubtracted from the ſeries P, and it will be | 


p x E 1 — 8 &e. 
| LF 2 —1 2 * 3” 4 * 
Therefore by putting the ſeries in which the figns change alternately = Q P will 
3 
become — I Q. 


108. Between the aſſymptotes AB, AC (Fig. 1.) right-angled at A, let there be 
conſtituted the equilateral hyperbola DEF, from the vertex of which E is demitted to 
AC the normal EG; the latus tranſverſum being = 4/2, or EG (AG) S 1. Let 
G be the origin of the abſciſſæ GI, GC, &c. which may be generally repreſented by 
x, Ind * c by æ; and draw CF perpendicular to the aſſymptote in C, and cf parallel 


EY then will the ſpatiolum FC cf ( = — ) be the fluxion of the area of the 


hyperbola, and therefore the ſpace EGCF = 7 2 


109. Now conceive the abſciſſa GC to be divided into any number of parts, and 
that the ſeveral hyperbolic ſpaces GEFC, &c. are divided by their correſponding ab- 
ciſſe GC, &c. the reſulting values of which are reſpectively expounded by the per- 
pendiculars CL, &c. then will the curve line drawn through the extremities of theſe 
perpendiculars be the firſt tranſcendant hyperbola LKM, where MG is equal to GE. 


Here then we ſhall have Cc = „ CL = — s i 77. „ and therefore the fluxion of 


the a area Cc Ly = = — „and the area itſelf GMLC ED» 


order therefore that the fluents of — and — E755 — may coincide with thoſe in 
Art. 
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Art. 105. and alſo be truly expounded py the byperbolie ſpaces, "gh Gl = IL ff 
= 1, and let x be taken ſuch in the fluents of the above 2 W hen expanded, 


and we ſhall manifeſtly h _ the rw | 2 3 6 
5 . | * * N 
1850 e 1 — = iT — ＋ 1 gt, Free 
9 2 e 14 * 8 1 enn 7 in 
2 : 2 75 3 FP Tx Geof %* oy 
| and MGIK = = 1 4 ai. 5 * F r Kc. 119 15 2115 957 1211 


1 . 
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| | 110. Tf the abciſſa GE C be taken on the other ſide the base, it will be negative, 
and thetefore the ſpace FEGC = = ſts, —, ad LC * 


* > x Su 


And in the poſitive part it may be eaſily; at that as the 886 GT, GC 
& c. increaſe, the ordinates IK, CL, &c. decreaſe, and the hyperbola KN Wig 


vex towards the aſſymptote; alſo that in the poſitive part the ordinates CL, &c. of 
the tranſcendant hyperbola are greater than the homologous ordinates of the- common 


byperbols CF, Ke. but in the negative part CL is leſs than CF!'2'Conſequently' the 
two branches of the curve ML, MN are infinite, continually approaching t the lines 
AC, AO, but never meet them. And though the ſpace B AG ED of the common 
hyperbola 1s of an infinite magnitude, yet the infinitely. extended ſpace OAGMN 
of the tranſcendant hyperbola i is abſolutely finite, being twice the ſpace MGIK, by 


Art, 107. Hence we have the ſums of the — ie, 7 O nt od sonen 
13 2 + - — 4 + * 55 I Ke. = | : ſpace EGIH. == oo 
+ + HS pE4 4 + be, = ſpace BAGED = 
A — * 31 7 1 5 — * + Ke. = hace MITE. 
5 oy + S & 7 4 5 = + Kc. = »fpace MGIK = OAGMN. 


111. Again every ſpace MG CL of the firſt tranſcendant hyperbola being Jivided 
by the correſponding abeiſſa GC, &c..=:x, and the reſults reſpectively repreſented 
by the perpendiculars CP, &c. the curve PEQ paſting through the extremities of 
meſs T e N is the ſecond tranſcendant hyperbola. Let c '« be produced to P 


= when c ce = 45 CP will be = — - {= — 7 —— from the conftruQtion, and 


the ſpace EGCP = 15 , But GI is = 1, pe + produc 
T IH 
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ts the | new hyperbola in R, _ ſhall have” 2 Want +50 Ne as 0 N 
1 | 1 # 3% 1 1 1 k * 157 * 3 Y 605 Wh. 4 i | : 
FD Y _ vi 71 * Wo + Kc. = ſpace EGIR. 


—— — 8 - = CE I = I IO — — E 
— — 2 * 1 n = 4 Ga: "aq 4 * 
1 —— — n = OY — P_— _ * = 4 — 
. — .. As . 2 
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57 177 1 20 Nr 65 + ke, = ſpice EGIR = BAGEQ, 
Hence 45 (SN extend Ki BAGEQ is of a finite magnitude. F 


112. In like manner any ſpace as EGCP of the ſecond. hyperbola is divided by 

its correſponding abciſſa, and the reſult expreſſed by a normal line as CS, The 

; curve line paſſing through the extremities of theſe perpendiculars is the third tran- 
ſoendant ww wh SN. Now produce er to 8 and becauſe 9 1 


— 2 — 12 1 by conſtrion, the Many ſpace Cords: = 


————— 
2 ry co np ng 1 


Bat Gl =. ts therefore produce IK to the new af in V, andi It will be 


22 M7. 95 35 5 17 Is 55 . 


1 b ++ 8 bs ot MGIV, 


woah the ſpace acne is a finite quantity. | 


113. By proceeding in the ſame manner we diſcover the new Wendel | _ | 
and their correſponding ſeries, as follow, ß i 


— . —— — 
v * N — * 22 


1 — 25 + = — 7 1 yc= - + de. = ſpace EGIR. 

| «+2 +4 7 + = +2; + e. = = => ſpace EGIR, 
127 +2 2 = +5 - 7 + &e. = ſpace MGIV. 
1+= +5 + 75 + L n = + Ke. = = ſpace MGTV, | 


And ſo on in infinitum, the law of progreſſion being manifeſt. 


114. This therefore is the general theory upon which the ſeries of the reciprocals 
of the powers of the natural numbers depend; being equally applicable to any dimen- 
fions whatſoever. What remains then is to exhibit the numerical values of theſe hy- 
perbolic ſpaces, and conſequently of their correſponding ſeries. Now this 1s. moſt 
elegantly effected by Cotes's formula ( Harm. * in Traci. de meth, diff. p. 33.) 

for 
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eln. For if we imagine the e curve EH to be the portion of * 
; axes and ordinates with the hyperbola EH,. the | curve} | 


| areas £611, rolf, bee. be determined, having the abcifſe GI, of, Ne. given, 


' 
aw 


These areas belle divided "7 their reſpective abciſſe, the reſults IK, IK, de. will 
be the ordinates to the firſt tranſcendant hyperbola MK (Art. 09. * ; and the areas 


* 
—— rg 2 


MGIK, MGIK, &. are determined by the ſame RF. Each ae f 


s 47 ˙ wet , 


are apain determined by the Coteſian formula. And ſo on ad libitum. 
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| nes will very / nea ly ebe, ann therefore the parabolic area come extremely near 
. he he propoſed byperbolic ſpace EGIH. And by the ſame Coteſian formula may | the R 


| 
1 
o | 6 


ſpace being again divided by its relpDBind abciſſa, the refults. IR, IR, & c. are the 
ordinates to the ſecond tranſcendant hyperbola (Art. 111. ), the ſeveral areas of which 


115. From hence is conſtrued the following table, which exhibits the areas, and 


the ordinates, to the 12th order of tranſcendant byperbolas. 
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.H apc we eaſily determine the ſums of theſe ſeries when the figns are res. e 
Ar 207. 48 follows, | 
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of 2 £ 
1 In this ſection our Authors the AnihingReoke:20 Lis work 3 having exhibited 
| | in a moſt elegant manner, the exact ſummation of thoſe ſeries which have been hi- 
b ; therto attempted by approximation only. It may indeed be objected, that this method 
0 is only an approximation, as the areas of the tranſcendant curves cannot be accurately 
0 | determined. But this objection is of no weight, ſince the ſummations of all ſeries 
11 exhibited by circular ares and logarithms, and which can therefore be expounded in 
1 numbers only approximately, are yet accounted finite expreſſions for the ſums of ſuch 
nn ſeries; for it is obvious that the hyperbolic ſpaces, as well as circular arcs, are abſo- 
N 1 Jutely finite quantities, whether we can by any means expreſs them or not. We have 
ik ; therefore the ſums of theſe infinite ſeries truly repreſented by a finite quantity; which 
; 1 . has been a Deſideratum with the moſt eminent mathematicians of the laſt and preſent 
1 age. Mr. James Bernoulli could not ſucceed in the moſt ſimple caſe the recipro- 
W cals of ſquare numbers (a). This indeed his brother Mr. John Bernoulli effected (b), 
44:08 and in conjunction with Mr. Euler diſcovered the ſummations of the reciprocals of even 
We | powers; but they could proceed no farther. Afterwards Mr. De Moivre (c) inveſtigated 
| if | an approximating theorem for ſeries of this order; but the convergency is ſo flow that 
1 * a great many terms are requiſite to come to any tolerable degree of accuracy. Dr. 
Mal Waring (d) is the laſt author of eminence that has conſidered theſe ſeries, and has 
| | | ; {a) Tract. de Ser. infin, p. 254. {b) Diſquifit. de ſum, Ser. Quadrat. Reciprocz, Vol. IV. p. 42. 
b | {| | (#/ Suppl. 7 NMiſcell. Analyt. : (4) Meditationes Analyticx, p. 487, &c. 
| | | „„ Collected 
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collected all that has been done on the ſubject; but, whatever improvements he may 
have made 1 in other parts of the mathematics, he does not ſeem to have thrown any 
new light on this, having trod in the ſame path with Bernoulli, Euler, or De 
Moivre. For the ſeries into which he has transformed tte reciprocal ſeries of the 
natural numbers with an indefinite index is in the ſame predicament with De 
Moivre's; being equally as operoſe, and the; ;convergency nearly as {low as collecting 
the terms of the ſeries itſelf, whatever value be aſſumed for the index of the power. 
— $0: that the honour: of completing this moſt extenſive, and hi: berto imperfect 
branch of the analytic wy das been n for the eur and n penetra- 
tion of aLORGNA. ES | 
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That the ordinates LK, CL, &. of the tranſcendant hyperbola LM N continu- 


ally decreaſe, is obvious. For let 4 = the hyperbolic : area EGIH, and fince 
a 


7 H 2 = IK by conftr. IK * IH = a, and therefore I K is a mean ordinate between 


EG and HI, In like manner it appears that CL is a mean ondiatts between E G 
and FC; but FC 1 HI by the nat. of the apollonian hyperbola, theref. CL AIK. 
And from hence it appears that I K, CL, &c. are * than the homologous ordi- 


nates IH, CF, de. reſpeRiively, Moreover CLis a mean ordinate between GE 
| and El, and 6 L kes wen CF, but * dan GE (G M); z ar and therefore the 


11912 0 
a CL, the 88 and the ordinates eL, &e. increaſe, ad infinitum. 


Conſequently the tranſcendant curve LMN is infinite on both ſides the vertex M, 
| eee nn the aſſymptotic lines AO, AC. 


Now the general expreſſion for the tranſcendant area GMLC; is 77 * 


I+x 
(hint. ras) the Sand of whe is (aten # þ expounded by 1) x — * 
| n— 
+ &e. by Art. 106. But P = . ann 109.) that is PS 2Q; hence 
i 
I Foot +2 — 1 4+ xc. = x GMLC, a finite expreſſi ion "Je the infinite 


7 
ſpace oA MIN. In like manner are the ſums of all the ſeries with poſitive figns 
determined, | | 
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The method here PRs by our Author for determining hi areas of the ſeveral 
tranſcendant curves, is that of the learned Mr. Cotes, in his treatiſe De Aaethals Dife 
Ferentiali Prop. VII, where he ſhews ar approximation) for the arens of curves ly 
means of a parabolic curve being drawn througkany number of given points which 
are the extremĩties of ordinates determined from the equation of the propoſei curve. 
-Agitchble hereto the abciffa GI {= 1) has eleven otdindtes: applied (being the high“ 
eſt number Mr. Cotes has carried his formulz to), and the ſeyeral hyperhotic ſpaces 


EGIH, EG] f, & &c, which are determinable from the nature of the curve, and the 


given quantities Gl, Gi, Le. are Melder by welt ate. abefffæ GI., "Oh," &cc. 


9 8 E Pf 
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and the reſults. expreſſed by, the normal lines IK, it, b Through, the given 
eK K, . c. a parabolic curve is Aa by. rp. VI. of the-aboyemen- 
tioned treatiſe, which, wall therefore, very nearly coincide with the firſt, tranſcendant 
hyperbola. KM; and the area MGIK j is determined by the formula for eleyen ordi 


nates. In like manner the areas G IKM, GEKM,, GK, SC. are reſpectively 5 
ene ** 5 formulz for 95 95 8, &c. ordinares, Each of theſe areas being 
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divided by their correſponding abciſſe GI, Gl, &c. the reſults are denoted by 0 the 


ky 


(18900 2 bo 54} bus „est: 


normal * IR, iR, bc. and ano the Nan, Bo HB a. a parabolic curve 


Is aga drawn, the feveral areas s of ' which EGIR, x6f! R, oy are ; determined as 
85 £ 10 1 4% bs 2 Sf wn lM 
before or” the , "wen for T1 a "ns 95 kee. ordinate, repincly. And ſo on ad 
libitum. — 1 (t d bobnuc 1 HN & ite o in A 26% 01 
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As it may be ſome audefsction to ** reader, we ſhall give the pee of the 
firſt tranſcendant. hy perbola MGIX. As WN G1 (=*) is divided into 10 


14 


equal Parts, the aheiſſæ GI, ad. G1, as are reſpectively E I, 9, 38, /, &c. 
therefore in the general expreſſion for the area of an hyperbola between 'the aſſymp- 
totes wn! * . a- &c. lets be ſucceſſively expounded. by 1, 9, 8, 


7, 6, &c. and the areas EGI, EGI, EGI H, &c. come out 69314, 
7 t | | 


641853, *587784, &c. which divided by their correſponding abciſſe I, 9, 8, &c, 
— 7 produce 
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produce 69314 7131), 73473, 75804, 78334, 81093, 41155 87456, 


91161, 95310 and 1, the ordinates IK, 1K. IK, &c. to the firſt tranſcendant 


hyperbola K M. And by the formula for 11 ordinates, the area GMI K is 
16067 A_+ 106300 B — 48825 + 272400 D — 260550 | E + 427368 F 


822467053. 
where A = GM + IK 169314, the ſum of the Ay and laſt ordinates ; 


B = 1*66627 = the ſum of the ſecond and laſt but one; 

C = 164634 = the ſum of the third and laſt but two; 

D = 163260 = the ſum of the fourth and laſt but three; 

E = 162450 = the ſum of the fifth and Jaſt but four; 

F = 81093 = the middle ordinate; and R = GI = 1, the interval of 


the baſe between the two extreme ordinates. By the ſame proceſs are the other ordi- 
| nates and areas inveſtigated, as in the table, 
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SUMMATION OF SERIES. 
EXEHIDETTLINSG 


GENERAL FORMULE 
F OR 


THE SUMMING OF BOTH A FINITE AND INFINITE NUMBER OF TERMS OF 


ALL POSSIBLE NUMERAL OR LITERAL SERIES WHATSOEVER. 
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CUNTALININSG 


A VARIETY OF NEW THEOREMS AND IMPROVEMENTS; WITH EXAMPLE 
5 TO EACH FORMULA. © 3 
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Author of the Practical Perſpective. Rationale of Circulating Nes dere ; with uſe- 
ful Remarks on various Parts of the Mathematics. And Tranſlator of Lorgna's 


Specimen de Seriebus Convergentibus, with explanatory Notes. 


The Doctrine of Series is actually conducive to facilitating the Computation of many intereſting 
Queſtions, which frequently occur in the Tranſactions oi Mankind. 


Dopsoxn. 


There 1s not in the whole Scope of the Mathematical Sciences, a Subject of greater Variety 
and Intricacy than the Buſineſs of Series. 
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ADVERTI 8 E MENT. 


IN a ſubject ſo extenſive as the Doctrine of Series, it cannot be 

expected that the following pages can exhibit diſtin& forms 
for all the variety of ſeries which may be invented. Whenever 
therefore a ſeries is propoſed to be ſummed which does not imme- 
| diately coincide with any of theſe forms, it muſt be reduced thereto; 
either by the addition or ſubtraction of ſome given ſeries; by mul- 
tiplying or dividing the terms thereof; or laſtly, by transforming 
it into two or more other ſeries And this may be always effected, 
unleſs the ſum of the propoſed ſeries be abſolutely infinite; which 
circumſtance is known in general from the divergency of the 
terms. 


As it may gratify the reader's curioſity, I have ſubjoined the 
names of the principal Authors who have written on this ſubject ; 
and diſtinguiſhed with an aſteriſm thoſe whoſe works have been 
confulted in compiling the following theorems. Some of theſe are 
found in the Acta Eruditorum of Leipſic; Journal de Spavans; 
Memoires de I' Academie Royale des Sciences; and the Philoſophical 
Tranſactions of London, Berlin, St. Peterſburg, Bologne, and 
Upſal. Other periodical publications have not been neglected, as 
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Miſcellanea Curioſa Mathematica, Britiſh Oracle, the Diaries, Palla- 
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Note. In the following Theorems, (F) denotes the Form of the propoſed ſeries; 
ſa, B, c, &c. the initial Terms; 4, 8, or a, the Common Difference, or Ratio; 
2, C or Z, an Indefinite Number of Terms; (S) the Summatrix, or Sum of x, C, or| 5 5 
Z Initial Terms; (2) the ſum of an Infinite Number of Terms; and #1 the F luent 


of the Expreſſion to which it is prefixed, wherein the indefinite Quantity i is ultimately 
|cxpounded by Unity. 


Series of Simple Arithmetical Numbers. 3 71 | 
* (F) a + a+d + a+2d + a+3d + NU be. 0+ f 4 8 


0 Infinite. (8) = X 28 i : 


a — —_— * * —— —u——4 
— 


2. (F) a + 24 a=2d + a—3d + a—4d + &c. — -I X 4d. 


4 
—— — 


a 
terms, if a fraction; conſeq. ⁊ is here reſtricted, ö 


; 3 1 1 5 
(EZ) Terminates in I terms, if this quantity be a whole number; but in — +1 


(8) — X 24 — 2— 1. 4. 


8 2 r RR MO 


= 1 | 
| | Series of Simple Geometrical Numbers, | 
3. (F) a + da + dia + a'a + d*a * &c. 4 2. [ 


(2) _—_ | 
Where d is a proper fraction, and therefore the ſeries decreaſing, If be a whole 


number, or improper fraction, the ſeries is increaſing ; and thence the ſum will be} 
infinite, 


as 


1 — — a il 


N 


Eo 3s Tus s8viunsSt0n 
: nn 1 8 
; Series of the Powers of Arithmetical Numbers, 
| 4. (F) A + 1 + TF + 1 Ke. AZV. | 
| (8) "of T5 +E - 1755 nr 2 8 3 . De 13 9 ; 
ro+1 3•4 2+3-4+5+ 5 
1 — — — 3 . ny nya Fonny: 1 7 
+ - I 35 . * : 2.3. 4.5.6.7. 8.5.06 9 | 
12 1 = 7 — W e 4.7 — 5 7-6. 17. 1-8 9 N—9 Y 
T OE 2. 3 . 7 _ 
+r OP | CE = e | | 
REECE ORIEE & an on. 
nn {:* 3+ 4 2+Yo'$ 5.5 | | | 
| Fs Continued till they terminate. | 
| 
(2) Terminates when r is a whole poſitive number; but runs on ſine fine when 1 
5 s negative, or a fraction. 
1 Particular Formulæ deduced from the above general one. "MN | 
i OCaſt 1. n = o, 1 = 1. | 
5. F) 1 2 T ½ „ + & 2 
the 4 os _ r. — I. 1 2. 1 — 2.1 — | 
"CS ET EET . 
I 1 2. 3.4. 25 1 T ©] 
it Y Hence the following formulæ when r = 2, 3, 4, 5, &c. ſucceſlively, 8 
= 0 80 
[ | 6. 1+2+3+4+5+&c.+2 = - ==, = A| 
Bb 8 5 „„ Py 
J. TNS. +2 ＋ + — + == wm Bj 
| | | | 
| 4 3 82 | 
8. 1+2*+3* +4*+&c, 2 = =. mY = + Row; = C 
8 | 4 55 | 
| * 2 23 * 
14273144 ＋T Kc. 2 = — += + — — —, = D 
| 6 5 net 2 
i bats. JOSE. Þ eos DR. NY 
[1% ar +4 + Kc. +2 = 7 + » * 7 8 = E 
les, I 2® 6 0+ &c, + 2* FAY + 2 2 — | 30 4 — 
j +2 +3 +4 TS 3 * 6 Frh a 
: 5 | 28 27 72⁰ 72 2 
* 12. 1+2'+37 ＋T4 T &Nc. T2 2 + —= + — — + — wk 
BÞ T2 T3 +4 c. 2 1 12 24 12 3 
il 13. 1+2'+3*+4* + &c. T z — = FO 5 mrs — = — =. = 
'" | 2 3 == Caſe 
4 ; 
3 
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14. 60 71 + 3 + 4n + 5n + &c. Z. 


[Continued till it terminates; obſerving to reject the laſt term when v is an ode 
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number. 
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16. (F) a + an + 2 an + a+ 3n mY a+an + &c. ed 
2 2+1 0 22 + 1 — | 


17. (F) a* + a+n + ab2n + a+ 3n - a+ 4n* + & c. | | | 


-” „* 
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Caſe 3. m+n= 0a. 


oe a ODD: !,. 


15. (F) a + a + a2 + a+ 3" + &c. a a + 1. . 

(S) 1. Aſſume for m any whole number leſs than a, which call b; then x» = a—6. 
Subſtitute theſe values of mand x in the General Formula, which being then conti- 
nued till both the ſeries terminate, will exhibit the ſum of z terms of this ſeries. 


a 3 — 1 . Fo 71. 71— 2 Mg ? 
(S) 2. 2 TI. 4 + Ard . 8 "+ — a * n 
, To 2 I «2+ 3 


| Rs wx _ Rs 
* I 1 ws a n ＋ &c. 


„ x* 8 5 
- 1 TM 6 n. as in Caſe 1. 


Where A = 


4% 


This formula gives the ſum of z+1 initial terms of the ſeries, 


8 2 1 4 EY nr .. wg + & | 4 
r+1.n 2 a os 2.3+4+-5+6 : | | 


Hence the following formulz when Y = 2, 3, 4, 5, &c. ſucceſſively. 


(S) i. 4 4 . 11. an 12 3 af, 


or (8) z+1 . af + 2Aan + B x*. 


®.% T4 . ＋ I. 2211. an" r 
(8) . 4 + © — 3 = +® — 8 
or (S) z+1 a5 + 3 Aan + 3Bar + Cn. 

18. F) af + aFn + TA + a+3n + N + Ke. 
48) r LEE + (93 +08 | 
19. (F) 4 ＋ a+n' + Tzu + a+3n + JA + &c, | | 


(S) TI. 4 + 5 Aan + 10B4 A* + 10C rf 3 8 + EW. 
&c. | 


„ a. A. 


OS mee the hy ©, Kc. Doing as in Caſe I. 
oh R 2 Eh IV. 


_ E SUMMATION 
i BR EN 
Series of Figurate Numbers, 5 | 
141 n. 141 2 2 1 1＋ 1 1 2 n+ 
20. (F) 1 + # += - x + Ao 3 H &c. | 
122 C 34 
85 4 75 Tz. 273 ten terme 1 
| 12.3 4 co n terms i 
RIA . 


1 * vey” * _—_—_ 


Hence the following ſeries when n is 1 by 1, 2, 3, 4, &c. ſucceſſively. 
THI a. ny... Y | 


+- 


þ Z.2+1 


2.2. 2. 14274 3 + 4 + &c. nr 
23. 3.1737 6 +10+ &c. 5 2 . — "EY : 1 FR 8 


4. 14 ＋T 10 ＋ 20 &c. 41 2 . 
| 55 1 2324 


„ inen . TBARS. 
5. 145715 . 55 


| : . Y 2. 243.244 . 2 
6. 1+6+21+56+ . | "ic BE PETRI Tag 


&c. &c. = Ks. | 
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to 
12 
Order of the Figurate Numbers. 


29. (F) ne. Pe. Te. e Tm. pe. 2 . r+2e + &c. 
(S) mpgrz + mpg + mpr par mar X Ae+ . 3 
+ PPT r X Ce + De“. 
Where the law of progreſſion is evident; A, B, C, &c, being the ſums of the ſeries} 
in Order III. Caſe 1. . : 
30. 50 


4 V. 
1 Series f C ompound Arithmetical Numbers. 

. —— 5 

i * (F) me De + ze. 72 + m ze PT 3 3e 0 &c. T ZZZ PT Ze. 

11 z>+1.22+1 , 

4 (S) 2 X mp + — * 5 . — + 

4 or (8) mpz + NP X Ae + Be. 

1 Solids. f 
bi 28, (F) Te. Pe. Te u 20 Pe. 172 +2e + u Ze. ow 5 1 + &c, | 
| 6) .neen + 2750750; X 46+ np X BY + Ce. 
bi gBiquadrates. 
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(F) U 12. g &c. to 2 terms. 


(8) 


F) ATZ. TF. ATA. TY. Nee. to terms. 


— cc — ſ 


1 ＋ 2. m TZ. uE. &c. © =+1 terms, — 
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F) m3 » M44 «MT 5 » Y & c. to 2 terms. 
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(F) m+1. 1a. Fg. Tir. gele- TT 8 T4 N PC5. &.| 
(z) to Z terms. 
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m 1.84. m+3: &c. to 2+1 terms, — m FS 1. . &c. to Z+1 terms | 


I. ATZ. Ke. toz+1 terms | 


m3. m . Ce. to Z Tl terms, —m+2. Ek &c. tO Z+1 terms 


m+L. ZI. Ke. to LI terms, — m. T1 ATZ &c. toz+ 1 terms 


Hence are deduced the following ſer ies. 


Caſe 1. 1 o. 
(F) 1.2. „ &c. (2) T 2. 3. 4. &c. (z) + 3. . 55 de. () to Z terms, 
Z.L+1 Z TZ . &c, to z+1 terms 
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Where the law of progreſſion in theſe ſeries is viſible. 


. 2 2 2M . 2.3 2M X24 


40. (F) ab + a—d X ö + a- 2d Xx 29 + &c. 


(8) N R dd 


"BY 1s. 


—1. 22 — 


3) _ 9 
(S) za be 3 Xa¹ AT α Ned . NE 


6 2 2— 
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And fo on ad libitum, the progreſſion being evident, 
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ph: ag AJA. 


42. (F) AT BT CTD T &e. 


Where A denotes the ſum of z numbers in arith. progteſſion, as in Order I, B the 
ſum of x 4 numbers, C the ſum of Z+28 numbers, D the ſum of z+ 38 nn 
of the ſame 3 dec. 
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1. Here T, , and 9 muſt be whole numbers when the ſigns of the propoſed ſerie 
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This ſeries 8 with N' 1, where by. compariſon we have 4 S 2, d= 3, 


＋ 1003.1 — 7 * 214 = = FO N 4+99 * 3 = 15050, the required | 
ſum. 
Required the fon of of 25 terms terms of the ſeries 

1424 1— 1— 85 + 1-15 ＋ 1 75 + 1-5 b + n—4b b + &c, 
This coincides with Ne 2, from whence we have a = n, d = 12 b. aud * =/255-. 


0 5 O, ” 4 
——ä — —— 


of - X 2a—z—1.d = 25 .n—b, If we ſuppoſe 1 150, and 5 = 6o, then 


d 5, and the ſeries becomes 150 + 145 + 140 + 135 10 &c. the ſum of 2 25 terms 
of which is 25. 150 — 60 = 2250. 


And _ = 30 = 2, the number of terms in the whole ſeries; hence (E) =- 


15 X 300 29 * 5 = 2325. 


2. 


Suppoſe a bullet to fly 20 miles the firſt ſecond of time, 19 miles the ſecond, 18 20 the 
third, 1723 the fourth, &c. how far would it fly in 1 minute, alſo in 1 hour and 
h:w far were it to proceed for ever 


- Comparing this ſeries with Ne 3. we hve 4 2 120 0 29, and the two values 


of z, 60, and r hence 3 BL= x 20 = 281*57212, the ſpace paſſed 


Over 


. Nr SUMMATION 


36,ẽõ/fꝗ | 
| over in one minute; and (Ss) = 1 — * * 20 = 399'99999999999599999744 


73948 +, che ſpace deſcribed in one hour, Alſo (Z) = 


—_ 400. miles, the 
| ſum ad inſinitum. | 


r= 


FSFE 
3 the Jum phy 2 7 terms + of 1 the ſeries, 
* + 70 + 5+9' + KC. 25 
G this 1 _ No 4. we get m = 5 32 = r=2, (2 = 10), 
hence Z (= wed = 35; and therefore 


N 
(8) = 3 + $+3% +2238 8 
- 4 2 2 9 
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(in the caſe pro- 


poſed) 35 + — + 33 5 a8 = 5635. 


Sake the * of 5 terms of the ſeries 
: If +70) + 3-D* +700 Se. Zl. 


This ſeries as it now ſtands does not agree with any of the forms in this order, but 
by taking away the firſt * it is reducible to 


5 N E N + IT mt + &c. | 


which coincides 3 5 Hence m =, n 2 , r = 'L (s = a and 


Z (= = 2 + I) = — + Theſe values ſubſituted in the formula (S, ) produce 


* | : Z 
8 . 85 lb 85 CAE: + gg 3˙6912 &c. to which adding 


3 N Þ» 652 FT, 
TN (the firſt term of the ſeries) we have 41912 &c. the fois of 5 terms extremely 
: near, which would have ſtill been more exact had more terms been uſed; but can. 
never be accurate becauſe x is here a fradian. ; 
But the ſummation of theſe kinds of ſeries may be often more elegantly effected, by 
changing the general ſeries into a ſimilar form with the propoſed one. So in the caſe 
propoſed, if we add 1 to each of the formulz (F) and (S), make m and n each equal 
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to 1, then multiply the whole by 1, the reſult will be (F) 2 + aback Kc. v 4 
| 414 I I 
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2 retains its proper value, viz, the number of terms to be ſummed. 
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„% 3 A 1 8. e 
Required the number of cannon-ſbot i in a 2 pile, the fide of which it 50. 
"The ſeries will be 1+ 2* + 35 44 + Ke. 50 z the ſum of which by Ne 7. 1s 


3 3 | | 
D 2. + 2 = 42925, expreſſing the number of ſhot in ſuch a pile. 


| Required the number of ſolid inches in a pyramid compoſed of 1000 flanes of a cubical 
figure, the length of the fide of the higheſt ſtone being one inch, of the ſecond two * 
ff the third three inches, Se. | | 


The ſeries will evidently | be +2 ++ £ + 8 5500 z and by Ne 8. the 


ſum will be 1 + I 4 — = 250500250000, the ſolid inches required. 


N 4. | 5 
Theſe figurate numbers are of great uſe in Play, Combinations, Raiſing the Powers 
of Binomials, Reſiduals, Apotomes, &c. They always refer to, or repreſent ſome 
geometrical figure, and may be either linear, ſuperficial, or ſolid. For the various 
kinds of figurate numbers, ſee Ozanam's Diclionaire Mathematique, p. 29, &c. or 
Paſcal's De Triangulo Aritbmetica, and his Combinationes. The figurate numbers here 
made uſe of after the 3d order, which is the pyramido triangular, are thoſe termed 
pyramido-pyramidal, which are denominated in order, triangular, quadrangular, 


pentangular, &c. 


_ the number of combinations Fm in n things, 


The ſum of 1 — m— 1 terms in order m is the number of combinations 
required. 


How often can a different ſet at whiſt be made by 10 a 4 


By comparing the terms we have m = 4, 1 = 10; whence 1 — m—1 = 7, and 


therefore the ſum of 7 (z) terms in order 4th, will be — SIE > & 5 e, ths 


number of ſets as required. ; : 


* 


Required the number of the corflicients in each term ft the product of mn factors, x+6,. 
x +c, Ec. | 

The coefficient of the firſt term is unity; and the number of combinations for the 

coefficient of the ſecond term is 1 in 2 things, for that of the third 2 in z things, for 

that of the fourth 3 in » things, &c, Hence will the number of the coefficients of 

the different powers of x be 
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juſtly expect to continue in being together. That is (5) = 2 _ 


3 
. S dia 


. SAS * MOM! A * 1 0 + 
The ſum of u terms in 9 1. SS: . 
n . \  R—- 7-, 
3. The ſum of #—1 terms in order 2. =_ N 


4 The ſum of 7-2 terms in order 3. = . 
c. £16 - : 
From hence 1s eaſily vel the theorem for raifing a binomial to any given power, 
by ſuppoſing b, 5 d, ar; ultimately wh to each other. 


Required the number of ſhot in a complete oblong pile conſiſting of T tires, the number of 


ſhot in the uppermoſt tire being 32. 


* 


The uppermoſt tire in an oblong pile muſt evidently be a ſingle row; hence the 
number of ſhot in each ſucceſſive tire will be expreſſed by the terms of the ſeries 
32. + 66 + 102 + 140 + &c. to 15 terms, Compare this ſeries with Ne 27. and 


it will appear that m = 31, e = I, 7 = 0, and z 15; ane (9) . = 


15 X v8. 31. P 2 = 4960, the whole number of ſhot in ſuch a pile, 


In like manner may the number of ſhot be found when the pile i: is a broken one, 
that is, when one or more of the upper tires are b 


V. wats is the ſum of Z (40) terms of the ſeries 
| 1.243. 4+5- 6+7.8 + &c.? 
| Compare this with Ne 34. and we have x = 2, Z = 40; whence 


(S) = = 2 4 _ 9» = (in this caſe 22960. 
3 bas i is the expeflation of a a f age life of a giuen age? 


Let m bs the complemgat of life, then will v terms of Ns 36. give the expectation 


lis. That 1s (S) = 1=—= * m = =. Thus, ſuppoſing the age 50, and 86 


(according to De Moivre) the extremity of old age, we have mm = 36, and therefore 


(S) = 18 years, the time a perſon of 50 may juſtly ex pect to continue in being. 


at is the expeftatim of two joint lives whaſe ages are A (30) and B (22)? 
Let n be the complement of the elder: life A, and m that of the younger B; then 
will n (56) terms of N* 37. ſhew the required expectation, or that time they may 


oe = 20 years 
nearly. 
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A Foe fon of * (6) terms of the firs. © 22 a, 5 Wk 


0. 100 ＋ 55. CT" e ee 
This korteſponds to No. 40. where we find s = 60, — 5 ＋ 180, 22 32 


Wence (8) = 6000 34 X* 2 5 1 * I e . e e 
ba og 9251 


E. 


What i is the "Ju of 2 ( 5 terms 7 the fits. 7 
41535 ＋ 40 +77 + 126 * Kei. ME OR 
This "RE is adapted to Ne 42. the aſſumed arith. prog. "being 2, 5, 8, II, &. 
here æ = 3,5 K 2 2, 6 2, 4 = 3; and thence A = rs, B =.40, C 7s 


D 126, Ke. Theſe values being: A in d en 3 


A 


— 


(9) =35Z + 25X EL + 2% Z. r. . = (when e 


2775. | 3 | 
If the aſſumed N be 37 5, 7. 9, Kc. and 4, 2 2 % e fm 
will be found = 952. . „ wer 


6. 
Required the fum f the whole ſeries 


38X77 * I +36X 74 K anal + c. 
alſo the ſum of any number of the firſt terms thereof. 3 
This ſeries belongs to Ne 43. where by compariſon we get b = 49, m =” 
£S "a F SY By My nds © hence by ſubſtitution E) = = B25 — 2235 


the ſum of the whole un and, ſu ofin «>= S) = $2 2 21153 
5m PP g 2 e 


28 

Required the whale ſum, alſo the ſum of any number of initial terms of the Jeries 
12 „ 20X16X 10 x 2 
＋ 10 * 18 & 14 x 8 K IÞ 
+ 8 X 16 X 12 K * A* 5 
+ 6 * 14 * 10 X 4X N 5 3 2 1 
Ke Re. &6;.: Mt. ts ; | 

This ſeries vos to N* 44. where we have @ = 14, 3 - 22, 7 * a 72 = 12, 
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n a, p 2 1, 7 = 2; from whence A (abe d) = 60528, B (abe+abd+acd 
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N 9924 208007812 5, the ſum of the * ſeries. Nom to find the ſum of z 9 
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P · 122 123. 5 0 


x93 nE s u f EN 
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4540 = - 17016; C (ac+ad+$0b+bc4b4+68) = bog, besten al 
66, E, &c. o. Theſe values being ſubſtituteck in che formula (z) — 


ſuppoſe 3, we have 4 (a—zm) = = Ss,” 3 (b—zm) = 16, c AA 12, 
4 (4=zm) 2 62 hence & (abed) = = 9276, B Gαji⁰ = = 3648, 


GS (ac+cd+ &c.) = 632, D ( = 42, and 5 (p+29) = 7. Theſe 


values being written the formula (S) the reſult is 9924*208007812 enn 25 
= 9924, the ſum of three initial terms of the propoſed ſeries. 
Orders 7 and 8 are ſufficiently * by the different numerical values of u. 


43 the whe fan, and the * c 0 (s) 5 of the fertes | 


4 . + + xc 
5 | 90 r To = | 


By comparing this Ws with nz, we find a = 100, 4 = 10, and = 85 
theſe values ſubſtituted in the formula (S) produce *000861 566, the ſum of 5 initial | 
terms. And it is evident that the ſeries terminates in 10 terms; therefore by writing 
10 for Z in the ſame formula, we have the fum of the whole ſeries = *006497677 — 
7 nearly, | 

Nr 71, 72, 73, are clacidate in prop. 14. of the preceding parts: and 1 


5 


YL, 54805; 
Required the ſum of the infinite ſeries 
1 e = 


+ 
7 $ © Jet 5-0. 4:5-6c7 


This correſponds with Ne 78. where n = 2, and therefore (Z) = 


+ &c. 


3 
2 3 4 


72 


The general term of the ſeries will Ae be: I ; whence by com- 


Pariſi 1e W m 27 1 7 2 = 2 2 4 and Es od = 7 which Wang a. 
fraction 


CAE + x 
2 
fluent put à = y, then is & 725 * = and x = = 4 555 hence the expreſion | 


, 2 3: & ö 2 mM * 8 
becomes 2 — Is La — — 2 — 2. "The fluent of 


baden the ſum is expreſſed by 2. @ = 


. To obtain the 


the firſt term is had by Emerſon's flux. Gem 3 155 that of the ſecond by form Sth, Y 


_ caſe ach. Theſe fluents being connected by their proper ligns, and reduced, the 
value of y reſtored, and laſily x made = 1, the reſult is circ. arc. rad. 1, fin. * I» 


— ZL. 2. = 4388247 5, the ſum of the propoſed infinite ſeries ; which agrees 
with that given by the Rev. Mr. Wildbore in Mr, Hutton's Math. Miſc. p. 286. 
For other examples tc to this order ſee p. 17 to 26. | 
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12. 
Required the fur of the . eries — — OX + 7 n + 3 
n 3. 9 4.8 5.10 6 32 
— — + &c. FEY 
Y'. 04. -- 3 : ; 
The general term of the ſeries is —— 3 3 hence by comparing the terms we ob 
N 12 0 2 1 


tain n 5 2 9 2 1, and g S a, which ſubſtituted i in the formula 00 produce "Th 


and by redu@tion ſ";— if — =*—2L. TI. Now make x.= o, and tho 


reſult is — 2 L. 2; hence the correct fluent is x—-2L.2+x+2L.2 = 
(when x = 1) 14 2L. 2 2L. 3 = 1890698, the ſum of the ſeries at 


infinitum. - 
It may here be obſerved that the ſummation i in this order of ſeries is no way facili 
tated by the formula (S) whatever the ſigns of the propoſed ſeries are, nor by the 
formula (2) when the ſigns are affirmative, the fluent of the reſulting expreflion in 
each caſe not being attainable but by throwing it into a ſeries, the terms of which ul- 
timately become the ſame as thoſe * the propoſed one. See another example, 
P-. 23. 35. 6 
For examples to the orders 13, 14, 15, 16, 17, 18, and 19, ſee p. 44, 65, 73 
69, 83, 98, and 109, reſpectively. 8 
. f 3 . 
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Whoever would fol more Reb the 2 of theſe 1 may conſult De Moivre's 5 
Met Hraht. Lib. H. hp, II. and Lib. IV. ap. I. or Simpſon” s Eſſays, p. 96. 
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21. en eee 3 


7⁰ Ae fy his approximativig laren, let the length of the dreuler are, when the radius 
+BY 15 and tangent * be required... g 
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The ſeries for the length of the arc is „n known to ben 1 — _ 0 * Wo + &. 


A”, 7 
henee by compariſon” we have @ = 1, 2 2, = 9. = —7, &e. . 
＋ 23 and * ſubſtitution and reducing we have 1 N | 
(2) = 3 1 ffs t* 5 hn” : 13 e 
1 x0 + ir“ 
an pferde value for the length of the arch. If z g 1, it becomes 785 very 


nearly; which, in this extreme caſe, 1s che ſum *n near 590 initial terms of the pro- 
- poſed ſeries. : 


22. 


Required the ſum f the infuit ſerie 1+ 2%+ 3x +:4 K* 2355 &. where x "is Ie "A 
than 1. 
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"y 


This ſeries coincides with Ny 90. res comparing the terms, we * 42 2 * 


1 2, A =3, wy 1, D So, &c. hence (taking * negative in this caſe). 


55 
_ 1 a = pot == | 


Required 1 the area of the right-angled Iypertola, the on diameter. * 1; and the 
abe ifs Ns y 


a The ſqries cxprefling this area is- 5 
e A” ts Py HRT, 
4* 2* 2 x Co IEF: e!1y x Ka 
„ +505 ant 
But in order that this ſeries may converge more quickly, let a few of the initial 
terms be ſumed, boa 43 0m will the coefficients of the Cn terms be 
* Foo we : ET; 8 10 de. ors = 0142, 5 * * 


00546, 


_ 0 F : 9 © &: 55 4 * 10 


00546, r. and thence B = —=*00579,- 3 +-00284, D = —'00156. Now 

aſſume any value for x, ſuppoſe 1, then is (2) = —*0090, to which add the ſum of 
the firſt four terms 1*6896, and the ſum of the whole ſeries 1 Is 1 '6800, . If x = 2, 
the reſult is 536787. 


; 8 23. 


| | 3 2 
Required-the. ſum of the ſeries 5 + — + &. 
| ER ONT 8 * | 


This ſeries is reſolvable into * + — + E = + as 


But c . 2 20 1 +8 * + &c, appears to be = bans „ and. the terms are 


divided by numbers in arith. prog, the propoſed ſeries therefore correſponds to No 93. 
Hence by comparing the terms we have a c, 2 = - ＋ J, r = I; and by ſubſtitu 


pon oor” 


tion, the ſum of the whole ſeries is = 


Required the ſum of the infnits ſeries 
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a”. deux: „„ 15 4 of | 
— _ —— | 25 - 5 &c. 
1 * 3 T 9 10 T 15 0 


This ſeries appears to be the 6th power of the binomial a+x, each term being di- 
aided by the correſponding value of the fifth order of figurate numbers. Here then by 
compariſon we have 2 = 6, 41 5, orr = 4; and by ſubſtitution 
(2 = . + 10 x + 45 as K* + 180 a —. 
Trib To Se ; 
N. B. In this and the preceding order, add to 9 numerator of the general formula 
(2) the words: minus r initial terms. 


25 · 
* 16 * 25 * 
Required the ſum F the infinite ſeries 43 — — + * 
This ſeries is compounded of the infinite ſeries x — * + Ix — i x* + &c. and 
of the ſeries of ſquare numbers 2. 2, 3. 3, 4. 4, &c. the former of which is well 


known to expreſs the hyp. log. of i+z; hence we have N = L. 1+; ang N 


8 =. Therefore the propoſed ſeries coincides with N* 98, from whence. we. have 
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m =2, þ 2, T = 1, 2 17 4 ar (=7 x +2) = N + — 
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THE SUMMATION 


"I =; and conſequently * e R ＋ . 


| What is the ſum of the infinite ferries Ls + 55 + Is — + 2. * þ &c. ? 
By comparing the terms we have n S 3, n = 6; hence (v) = e 


EL. =. If x = the fum is L. # = 0418856, &c. 
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This ſeries correſponds with Ne 101; from whence we get n 2, 4 g 2, p 3, 
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7 — * circ, arc. rad. 1, tang. z. And by ſubſtitution in the formula (2) 


Ne 101, we have _ X cixc. are. nad. 1 tang. 2 — ny 5 the ſum of the pro- 
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poſe Fs the value of R is found to be f — = L. - —. Hence by ſubſtitution, 


J=X 
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multiplying by 2#, and 3 aan - 2 +5 —- 5 's the 
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This ſeries in either form correſponds with N* 104. Comparing the firſt form, 


we have a =1,,b=1,f=Znqg=2,7r=3, 5=4, t=5,n=D3; alſo. 
B = , CSI, D =, E= f. Hence 2 5 = Iz 2, 3, 


t—p = 4; and the formula (?) becomes I 20 of + We - —= K the re- 
n fum. 5 Og | 
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What 1s the ſum f the infinite ſeries . 
2 x 48 6x5 .. 8 x! 
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Comparing this ſeries with Ne rog. we finda 2 2, m = 2, 5 = _ Sar =% 


3 4 A 5 B 2 4, C e = + SOT = e. 


= L. 1 2 =>, R * — bo Hence 2) ING 


1 x? 8 x* 
— 4 47 . Tf we take æ = 1, we have the ſum of the infinite ſeries 
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1.3.4. 7X 10. 13.16. 19. 5 
n 5 
This ſeries coincides with Ne 111. where, by compariſon, we find x = 10, r = 4, 


m S 3, p k, v g 2, æ , and g (n—r) = 6. Subſtituting theſe values in 
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30. | $ | "$4 1 mJ at TRA 
It the ſum of this infinite ſeries be required ws 2 
785 oft Z+4R5 7 bn ga 3 488-25 1 4. & 
of + 5 = + L.2X6. 6.80 1 2. 122 8 4 th; 
This ſeries by redutin, and en for = —, W af N 8 5 88 6 x. oak 
3+ 4 x 5 2 0 8 
122 55 ibs * F with N 113. Whence r 3, m= 1 
: 8. 1 
6 n , Sx; aud 5 4 T 


2? 
by ſabfiitution all the terms vaniſh, except that where n is found in the denomi- © 


b 3 


1 | WY : ES 
the value of æ, we have (Z) = ——— » which was required. : 
Fs "3" 7s * an ADL hits - 


* order 31, 32, 33. 34> 35 need no particular Mutation. 
36. SN 


| Required the ſun of % tas of Wy Kin I. 2 +2, 3 +3. 4 + 4+ 5 1 . 


+ &c, 
The general ter term of this ſeries will enidentlzibe 2. 3+ I „ and 8 the 
2 ＋ 2 + 1th term, =+1 . vr”. Put 2 7 2 = x, then is the general term of the ſeries 


expreſſed by 21. *, or K &; and comparing this with the general ſeries, we 
have a = 1, 6 = 1, y o, * 2 ＋ 3, and A = 1. Subſtitute theſe values in 


" We formula (S) and there ariſes Z * — + K ++# „ Now, it is ob- 


vious, that when the expreſſion for the ſummatrix is ſuppoſed to be o, that 2 muſt 
alſo be S 0; and conſeq. from the above aſſumption we. NAVE #2 2 This value 
of x being written in the above expreſſion, the reſult is — 14, which ſhould have 
been o >. this term oY therefore eliminated we have 4 * g +3 3* — Ex, or 


— 4 


T2 , 2+2 2+2 I a : . 
— 33 5 + * + 3 R the c correct ſummatrix for initial 


terms of the propoſed ſeries. 5 

Let the ſum of 2 terms of the ſeries 4 2 34 34 5 1 8 6. 7 + &. be 
required. = 
"The general or zth term of the ſeries will be CES 1 „A 7 1 + nd and the 


Now, 


— 


8 Conſequently multiplying by " : "I reftoring 


oO &#: +8 © :M;L E 83 199 
Now, in order to make this correſpond with the form, put the root of the laſt factor 
n 2 then will the zÞ1th term be A. II! , or * 4* + 8. — 
: This PE being compared with che general form, we have a = 1, 
= = —=4,7 = 5, * = .—2, „ &c. = o, 2 = 6, andA = x; which values being 
ſubſtituted in * formula 5 * the reſult corrected as in the laſt example, there 
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7 3. * 1 SF 
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1 | 
Mr. Ainſworth in the Ladies and Gentlemen's Diary, 1779, p. 32, for the ſame 
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By comparing the terms we find T =2, 1 2 1, d = 35 hence 


(8) = 2 + 5 e e 41 * * * 2 ＋&c. 
us |, I+3.2Þ1 ENF 1+342+2 22 1735 
; . 8 „rn 


When ris leſs than 1, this theorem coincides with order 12; from whence the 
ſummation is more elegantly brought out in ſuch caſe. | 
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| Required the ſan of z terms of the ſeries 
: + 13 + 2— + 1 ＋ &c 
C f 


The terms being compared, we have m = 2, N =4; and ſumming up 5 terms of 
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Mx —=x? 74 Wh 1242. bas LATER Wit: 


Xx 
3 ee wn i= X, = 


1— * 
1 
Now take x = any number leſs than I, ſuppoſe 4, and the laſt expreſſion becomes 


3'5 — 20416 + 335416 — 3˙ r X "523596 ="000535 Ke. the fum of the 
propoſed infinite ſeries i in this caſe; 


being the flux, + the circ. arc. rad, 1, 
1— * 


| fine (4), = arc. of 305 2 = Sb gy F 
| Tg Tu 8 8 : 
Lit the fe fed be 88 > 
et the ſeries propoſed be — Co 
F PET TN TSA 
* 7 * ſeries agrees with Ne 167. from whence we have 9:1 = 33 | and by. writing 


| this value i in the formula (Z), there ariſes 


8 E 1. X * 1 + -x -A x* A K*. 


1 ke ſum of the ſeries is 
z X 8 X 0'0931472—1—4 — 3 = 035307 38. 
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Required the fum of the infinite ſeries 
2 77 25 1.2. 2 11111 
3-4 „ 
Compare this with the form Ne 169. and it will appear that x 1, 1 23 which 
laſt value being an even poſitive number, and the figns of the propoſed ſeries affirma- 
tive, indicate that the ſum is exhibited by the formula 2. (z). Now when & is 1, 
the Circ. arc. is a quadrant, and therefore 8, the ſine of ( times) twice that arc. 


18 0; conſeq. the reſult will be 2. (2) = — >. — = . if 
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Now 8 this ſeries with the form, and it will appear that 1 = 1, * = F, and 
therefore C = 4/3, Hence the correſponding formula is 4. (Z), u being an odd po- 
fitive number, and the ſigns of the propoſed!ſeries + ; and the ſum of the latter ſeries 
will be expreſſed by & — F V X r*th the circumference of the circle, rad. 1, which 
multiplied by 8 becomes 2 — 443 X ith the circumference of the circle, Tad, =» 
*18611 & c. the ſum of the obs ſeries, 


Required the ſum of the ſeries 
20.32 . 1 (z) + 10 * 20 % n +102 2 * 20. . 9 + 10 
2. 3 * 20 &c. to 10 2 100. io | 2. f 


By N the terms, we find n = 20, m S 10; 3 hence 


(5) == 2 * 3 5 X ts to x terms. If z = 5, the ſum of the whole ſeries 


1 e Fat + tn] 
N. B. The terms of this ſeries are erroneouſly given + and — alternately, in the 
Meditationes n ; they ſhould be all poſitive. 
| 43+ 
What is the . 95 = terms of the Ware 


nen x &c. | 2 
This ſeries is reducible to 22. L. 2 4. L. 44 6. L. 6 + &c. which being 


compared with Ne 173. we get a S 1, 4 1, þ =2; and by writing theſe values 
in the formula (5) ther there ariſes | 


1XI+22 „KL. 1＋22— 8 1+22x L. I T2 2— f I+2z ＋ -T X 1 +22 Tv, 
the required ſum, 


4 4+ 
As the truth of the theorems given under this order has been much controverted by 
ſeveral mathematicians of reſpectable abilities, we ſhall therefore endeavour to explain 
the conſtruction of the fundamental formula, as alſo the law of continuation which 
the ſeries obſerves, as laid down by the learned author * before we give any 
examples. 


＋— — — — _— — 


* Dr. Waring. | 
Ff2 It 


N 
1 
; 
Ry nd 
49 | 
1 4 
10) ae 
5 0 50 
* 
5 4 . 
6 
de þ 
* 
4 
J. $f 
TI: $3 
by + 
* 
57 
j 4 
. 
38 
* 
* 3 
, 7 
MS - 2} 
. 
ö 44 
1 N N 
1 N 
NN 
. 
„ 2 
x 7 - 
$9 
l 
1 
2 3 * 
1 
TT. 
py j 
7 
1 
3 L 
4 531-338 
. 
fy | 
14 . 
Ar fr” - bd 
OR ot 
hy 1 2 
* 2 » 
SS ES 
5 
'$- 
2 
Mo 
* N 
. % F 34 
2 1 5 * 
. 
1 
. . 
4 4 
2. 1 
_ "$169 
N 1 4 vs 
* 4 *4 
rin 
24 ö 13 
HP 
_— 
\ F< oth. 
T 0 
+ 0 a . 
7 8 . 
* 
2 
r f 
bs , "> 
”Y < d 
x * ; 
<a My 
. 0 
42: # 
E 
bp i [4 
Þ k 1 k 
8 1 
r 
\ +4 
* — 
+ 2 
f As 3 
i y" +0 
. 5 { 
n 
„ 
1 4 
. 
4x 
. + . 
EVE! 
8 
1 
1 > "m3 
d 4 
3 * 
* þ _ -.. 
" 
4a” 
£ . 
e 2 
j N 
© d 
DS. | 
n $ 
4 
it 
4% 
n Si 
4 = 7 
e 
* 
«+? 1 
1 
q " * 
1 
43 4 
+ Ra 
f J * 
© 
a 1 
_ 4 * 
BE 34. 
* oy WF 
1 # 2 
1 338 
. \ 52 
* 1 4 
4. "FS 
WES 
1 
_— 
_ 
7 . 
* 
3 
**: . 
ww Ki 4 
5 
1 — 
EX : 
- At. 
7 r 
* EOS 
" 8 
| 15 
_—_ 
_— +; 
N 
j X 1 
I. 
11 
14 wt 0 
7 k 
* 0 
= a. 
1 « 
N i 
> þ * 
WATT 
WY ; 
9 
5 1 
1 7 
. 
F Of 
©. * 1 
557 
0 1 
1 
y 53% » 
EET 
N E 1 
* T 
Ly ar o 
+ 1 + 
„ 
* 4 is. N 
an * 
3 5 
8 
4 nn 
9 3 1 
n 1 * ” 
4 a 
r 
Y% ix ! 
S| 44% 4 
4333 
Soy 
1 SIE 
© RES 
"Þ 1. 4 
\ 4 tai 
A 
_ >. 
4 mY — 4 
r 
» +3 
N 
r 
- d 5 
FER 
Lo 3 
4 "38.43 Io 
* 
* 3 x 
4 
7 a ny 
1 
4% 4 ——_— 
n 
. Ko 2 4 1 
1 
= 
on . 
—_. 7: 
932 
7 Rs 
p £7 
„ 
12 
. 
44 * 
1 
{ 
"63 
5 4+ 
. -. F 
1 
+ 
» 4 
1 
* 
9 o 
4 n 
£ o 


— 


— — — — . . 

E oe R$ COPE LR FO HR cath ed AG +. 

or — — of ,", mm \ bn. 
” G 2 Y RET — 
22 N. „„ S 


4 T.H 2 8 n A T ION 


It i is demonſtrated i in, Newton' 8 Univ. Arith, 2 28. that if 4 denotes the fam of 
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the roots of an adfeQed equation * ND * gut” b_ &.- ö the "om. of the 


ſquares of the roots, c the ſam of the oubes, d the ſum of the biquadrates, e the ſum 


of the ſurſolids, &c. then will P = 4, P. 2 = b, p55. 42 ＋T 37 S e, 


pe — 4b -= 4s d, &c. Hence, by obſerving thes law of =. 17 ex- 
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From whence plainly appear the conſtruction and the relation of the terms of the 
formula, as given in the Miſcell. Analyt. cap. 1. lems 1. and the law of 
the literal products or coefficients of the ſeveral powers of p will from hence be 
alſo very obvious. For ſince the abſolute number or laſt term of any ad- 
fected equation is eſſentially of the ſame dimenſion as the greateſt power of the un- 
known quantity, being the product of all the roots, the literal quantities p, 9, r, 4, 


, &c. are here ſaid to be reſpectively of I, a, 3, 4, $ &c. dimenſions; hence, in 


forming the literal coefficients for any given term of the ſeries, as many combina- 
tions or products of the preceding letters muſt be taken as are found to produce the 
ſame dimenſion as the propoſed term is diſtant from the firſt. So in finding the literal 
coefficients for the 7th term, all the poſſible combinations which can be formed of the 


preceding letters of which the dimenſions ariſe to that number, are w, 9 f, q* r, 7 5, 
7 $3 46 3 23% 
where the ſums of the indices denoting their dimenſions are each = 7. 


The law of the unciæ or numeral coefficients to each of the literal quantities or 
products is this; Suppoſe g 7” &c. * to be ſome term of the ſeries, where h, „ &c. 


denote the proper power of the letter, and not the dimenſion of it according to its 
place 


or s K 1 1 1 s. 5 
plaes in the ſeries, then will the uncia to chat partleular literal ter of eveſſcient 


ef 55 be expreſſed by | | 
— e 
| m. m- u-I. n- A＋4 2. m- u 3 80. 674.4 &c. — : 
| 1. 2. 3 ) X 1. 2.3 C) x &c. FR. 
Thus, let the unciz of each of the literal coefficients of the ch term of the ſeries be 
e and we ſhall have m for the uncia of UW, becauſe the — ego of 5 10 


is 11 = . #—d for that ef gt, becauſe + » = +1 a, and „ 


e the diſtance of * propoſed term counted from the firſt; —— 2 DEL 8 T 2 


| | A + — 
n m5 === for that of 97 r, , being = 2, and » = 1; and 2 * —— > 
= N. -b for that of rs, In like manner are all the otter terms formed, as in 
the formula (S) Ne 174. which exaQly agree with thoſe ariſing from the method of 
ſubſtitution. Hence we ſee with how much truth the author of O8ſervations on the 


Miſcell. Analytira has aſſerted ©* that if the ſeries be formed according to the law here 
laid down, it will be wrong in every ſtep after the third.“ But this author, as well 


as the reſt that have objected to this curious theorem, muſt, it is evident, have been 
unacquainted with its inveſtigation, and alſo with the connexion and application of 
its terms, We ſhall now illuſtrate it by a few examples, | 


Let the equation firft propoſed be x ＋ 3* 10 = o, the roots of which are 2 and — [A 
Comparing this equation with the general one in the formula, we find p = 3, 
9 = — 10; 7, 3; &. = ©: Hence when m ='2, we have p — 29 =9+20 = 29, 
the ſum of the ſquares of the roots. If m = 3, p*—39p = 27-90 = —117, 
is the ſum of the cubes. If m = 4, p*—4gp*+249* = 81+ 460+200 = 641, is 
the ſum of the biquadrates. If m = 5, p- 57 ＋ 57 þ - 243 1350 1500 


= — 3093, the ſum of the ſurſolids. If m = 6, þ*—6bqgp*'+9g p*—2 47 ub : 


729 + 4860 + 8100 + 2000 = 1 5989, the ſum of the ſquare-cubes. Et fic in 


religuis. 


Let the propoſed equation be a ＋ 7 x* +2 x—40'= o, of which the roots are 2, — 5, — 4. 


Here we have p = 7, 9 = 2, r 40, 5, &. = O. If m = 4, þ*—=49p*+ 
4rp+29* = 2401= 392— 11208 = = 897, is the ſum of the fourth power of the 
roots. 


Let the given equation be & + 35 — 23 ** — 25 & ＋ 166 XK 120 = o, the res being 
1, 37 25 — 4, 5 x 
, ., y ke fx =, 
then is p'—5qp*+5rp —=5s 5 IT = — 243 3105 ＋ 1215 + 2490 — 
„ ma; 
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70354 600+ 3105; = 3873. the ſym. of the fifth power of the roots. Un 6. 


an, lte —bs , +67 Yorks: 
_ - "A 277 
44160455 = 20515, the 10 of the ſquare-cubes. e 
If the equation be & —+x* abs = o, we have p = + q = Ir = ny | 


4 
and when m = 2, p*—2q = Is = Ip is the ſum of the ſquares of the roots, If 


= 729 + 11178-43747 33885 


«Our Fs 
2 
% 

- 


8 = 3, 5 39p+3r 2 — 1 4 1%, is the ſum of the cubes, 


From hence is eafily deduced that elegant method of ſolving equations, where the 
tink! ſum of the ſquares, ſum of the cubes, &. of any number of quantities are 


known, which the late ! ingenious Mr. Coughron has given in Profeſſor Hutton's 
Mathematical Miſcellany, p. 124+ + 


Let the given equation be x 3* + + 3#%—2 = 0, to fond the fron abel. 
Comparing this with Ne 175. we find p = 3, q = 1, == = 4, and 


* 2 4. Hence > 


680 = N +r x 3—2þ—$P +4p _ 4D JETTY 


e MI e e 
7 x EEE = 120—47 — 45+8'+2. = 38. * 
; 2.1—p 


In the a propoſed be & — 2 * + 14 2—1 = _ o, to fad the 1 a+b++4 + Kc. 


ad infinitum. 


i „ 44 _ 4=V _ 
— 3 — 13 n_—_ 5 cn 3 — — 


The truth of which concluſion appears from finding the ſeveral ſums of the fories of 


powers, formed from the roots of the given equation, So the roots of the above 


equation are found to be 3 7, 2 and g; hence by N' 122. we have the ſums of the. 


infinite ſeries 4 + 4 + # + &c, = 2, I+i+I+&c, = I, f 2 n +. &. = =, 
and the ſum of the three ſeries = 33, as before, 


Let the equation propoſed be & l * 16 = o, to find the ſum eck. d+ Ke. 

in infinitum. | 

In this example p =1, 9 = ©, 7 = —4, 5s = — £; hence 

p+3r=45 18474 

(3-8 Ir 1—1714— 78 
found to be 4, 4, 2, — 23 hence 3 X : 2 +4 +4 + &c. = 37 and by Ne 121, 
—2 + pn” + peer 3 + &c, or =-1+E-i+*% Ke. = —33 conſequently the - 
ws of the powers of the roots continued ad infinitum is 3 — 3 = 24 as before, 


= 2%. Now the roots of this equation are 


Let 


0 Fr :81 Bl 1. K 8. A0 
3 Les the quadratic equation x* + 3 10 = o, be prope, it is is required to fog the 1 f 
of the produft of each root into the ſquare of the other. 
| The ſum of the roots of this equation is — 3, and the ſum of the 5 29, by 
No 174. Hence by Ne 156. we have 8 4E = , $* = at '+ 6 S 29, and 
Sa = A1 . * = =-117, conſeq. A 17 S' X 822 87, B= * = 
—117, and A- B =30, 5 15 Py 
Let the propoſed equation be x "+ gat=age'=27 + 166x—120 — o. | 
"By Ne 174. we have | 
S' = e+8+y+3+: = 3, $= 20 "+8 + Kc. = = I S' = +8 +&c. = 153, 
SF" =al +8) &. = ==153, $***=a* +8*-&c.=979, 92 Sa + 8* + &C, 3873, 
g*+H+* = BY fs Kc. = 20515, to find the ſum of 
| a f 15 TE NAH ERA Y ESA NS T6 + &c. e et E 
By the formula Ne 176. we find A = 87 x 8 x S* = 25245) B = ad * 
85 ＋ S,? & = 153 +979 x 58 — 3873 x —3 = 88873, C = 
SPOT = = 20515; Therefore 00 = = A—-B+2C = — 22598, | 
| 432 
Required the _ of the infinite ſeries 


— 


VET . 


r = 


/ 187189 
| | 2+: ls. 
This correſponds to Ne 179. from whence (Zz) = the root of the equation x*— 18 # 
— 189 = ©; and therefore (Z) x = 3, the ſum required, 


* Required the value of the infinite ſeries 


4 
8404 
V 4+120 
893 ; 
8+ 64 
2 
| V4+120 
* 1 MC: 


By Ne 180. we have (2) = the root of the equation * 8 X.4 „ ＋ = X1 204. 
= 64 Xx x, from whence x (2) is found = 2, 
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By ſubſtituting ſucceſſively the ſeries of natural numbers for z in N* 186. we End 
the ſeries — to coincide with the propoſed one. Hence by writing 10 for æ in 


. —. „the tum af 10 initial terms * the 


the formula (8) we have 


Propoſed ſeries, 
To mann the third pa to this order of ſeries, let the fink of 'z terms of the 


ſeries — + — 5 + I, "+ [nk 5 + de. be inveſtigated. The ac term is 


ms © . 27 1 ＋ 1 8 

= + &c. X 2 AN +rBz + re + 155 + Ke. 2 ; now write 2-þ 1 for 
2, and the reſult will be 1 In hy OT AAA N 
rw TH + te n Me N 


s = AN T2ꝛ⁊AZ TA 
+ BZ TBH + &c. x —; hence 
＋ C 


* 


—rB * $7 | 5+ I 
p . 125 5 „ Fog 
Equating the coefficients, we have A = = === C . "Dy D, &c. 
| 1— — r 
I | 2 7 FEN a : 
= o; hence s = ——=— 2X 2 — 1 N44 3 I which being 
127 . * | joy 5, Ir 5 2 e 
<4 | 2 2 r 2 r + r* 
corrected by making x = o, becomes „ = 
| jo; JF. , 7 ] —=7 ,X 
2 3 2 28 
a if we take 7. = 2, . c — 
1 | —T 4 —1 on —1 


6—0＋7T 42 ＋T 2 x — „ Which agrees with the ſummatrix (S) in the 2d example to 
C A : | | * 


order 47. YE 7 
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. 7 > 17 3 47. „ | 
hae 224 149} — '3 g 13 10¹ 6 nn 
nei is ; the IG worth of an annuity if a * to continue z Fre certain, at Lol 
Sound ,, watt ade acl grows aide "ell "0 / 


"5 21 — 2 3 ** - — — —_— x 


% * 
£ 1 be = 
4 8 « 


Let r be the amount of 1 a in 1 year; t then will. = 1 be the dan worth of 1 4 


r 


due at ah wa of = years W 00 Ft * the ſeries © — 165 BL | _ 15 
+ ke. multiplied by a, will give "the requited value,” Chee chis e wich 
Ne 190. we ny, n=0,f = = 87 he | hence (7 bechmes „ and (S) = 1=—þ X 
— = = =; ; n j 23 is the preſent 8 n hy annuity. 


Required the ſum of 2 terms of the ſeries 43 +.4 +3 + 4% 15. +35 TKO. 
Here we have n = 23 7 2 2, and thence (2) = 63 alſo . P = = 1, 2 = 2. Con- 


* 


ſeq. (S) = rea * 2 If = = = #2, we bave 5 = eee 


24? 


3 1 a - — << — 


$497 55813005 
349758813888 


=s5 See r. and 0. denne for « July 1779, Poe | 


wu 
Ss EE 


1 1 7 TY 7%Þ þ b A 17 g 34 av ee = Y 815 | a 
ä Required the length of the circular arch of 30 degrees, the radius being unity. 
Let r denote the radius and t the tangent, chen will the arch be expreſſed by 


43 ts „ 1 1 
{=— — 4 6⁰ or t * 1 Fo ©: — —z &e. or (putting 


. . 
2 1 
#=S) rv #X: 1 ·ͤ[„ . Compere Wie wich che 


formula (F) and we find a = 2, 61 45 8 4 = 5 iz, Ke. and therefore 


D = 13, D = 45 D = 250793650795, D = 036940836940, e. 


4 


Now i in the caſe propoſed t is — 74 and ney 35 from whence we have A. 


x PE {© | 


2 
— &e. reſpeQively equal to — | 
— 5 = 5 
IT I+* 


22885 * 8 Theſe values 


being written in the formula be to 5 or 8 2 3 ee &c. 


which multiplied by „ the reſult is 523 5988 &c. the length of the propoſed arch, 
which is true to the 6th place. 


When the ſeries converges very ſlowly, the beſt way is to ſum a few of the initial 
terms by the common method, and. then apply the formula to its remaining terms, 


Gg Suppoſe, 


105 Ty 8 v MM M A T 1 0 N 
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| Suppo e fo example the NY e it coo he hy 7 1 6 4 wg 

| | MILES 5+ £ 5 x © 7 74 ke. which expreſſes the time of deſcent of 2 pen= 
15 dulum through che arch of a circle (not exceeding 4 quadrant} to the loweſt point ; 
* where r denotes the radius, v the height fallen from, or verſed fine of the arch de- 
44 ſeribed, 5 the ſine; & the fburch part of che cdrom. of a circle, rad. 1, and w the 
1 time of deſcent through the verſed ſine v. In order to adapt this ſeries to the for- 
. mula, let the numeral N be denoted by A, B, C, D, &c. then will pd pro- 
10 : pold tries becoitis A = L EF 8 * . —> + Kc. or A EX + 
1 ; BY _ 250. . 
5 18 * In” V4 Kc. Nos yy the Ja off 12 1 terms of this 
$4 ſeries to be Found, and * terms next ſdecceding ere N ads los : 

7 R My 2g N 27 e | 

+ F<? I 5 + &c. nll 24 424 200 7 FE Fr 25 2 — ke. or : 
v4 o* 27M agNo 27.0 wo” 5 ( 8 
| . N * Fa WA 7 187 * — be. or writing x for 20 

x 4 | 24 2 M 1 22 = E — IIS „ T dw 

4 2 R 2 2 8 x 4.27 0 27 DT 8 which esl with the formula . 
170 24 26 28 

150 from whence are found the values of a, b, c, &c. and their ſeveral differences. 
ule Now in the eaſe where the ſeries converges the floweſt, that is, when the arch through 
5 which the deſcent is made is exactly 907, „ is = , and x = 4, from whence 
. "1 | F# x* 

bY : = N &c. are . 4. 5. e. and by Gabnuton (5). = 0235177635 5 
9 0 24 

1 which becauſe = — 1, 18 che value of the remaining 4erms:of the FRE ſaceoeding 
ke the 12th term. To this add *821109079506, being che ſun of the 12 firſt terms of 
4 the ſeries 9 which i is eaſily ound! in the common way) and the reſult is * 8 34026843021. 
5 q Conſed. © —— = multiplied i into this laſt number will give the ſum of the propoſed ſeries; 
TJ that is 1* =_ &. Xr N 83462 &c. = 131102877 Ke. which is true to the 
8 ? laſt figure. From whence may be inferred, that the time of deſcent of a pendulum, 
20 or other heavy body, moving freely from a ſtate of reſt by the force of gravity only 
1 through the arch of the quadrant of a circle, is to the time of pere geſcent of 
1 a body through the radius, as 13110 &c, e 
I This theorem will be found of great utility, as moſt ſeries which occur in the ſolu- 
* tion of mathematical or philoſophical problems are found to have their coefficients in 
1 « decrekling Fans, as alſo their * orders of differences. Thoſe who are 
15 deſirous 
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deſirous to ſee the dendonſtration or inveſtigation of this uſeful formu'a, may conſult 


the Philo, Tranſ. Vol. LXVII. p. 184, &c. But it mayyjuft be gbſcryed to the;in- 
genious author *, that general formulæ obtained by 3 ate never ſo ſatisfaQtory | 
as thoſe which reſult from a pure W — . 


* on 
_ 


—— 


AT) * 49. 4 9 be 37 4igtoubt9 Fir 
Let the pr Joſe number be 900 to nd f the ſun of the 3 if ing frm al the 
combinations or changes which'can be made of the places of figures. ING? IWF (427 


By comparing the given number with the H we have / a 5, 0 Kc. reſpec- 
tively = to 3, 7, 4, &c. and «=6z hence 33 — 

(8) = W i. 2-3 (5) * eres * x 120 x: ; 

1+10+100 (6) = 430999566. 

| F rom hence alſo may the ſum of all che changes of any ATION of avnibers be 
found, by ſubſtituting for a+b+c+ &c. the general expreſſion for the ſum of that 

progreſſion. Thus, in a geometrical progreſſion of which the ratio is denoted by r, 

the firſt (or leaſt) term * ay and the * of terms * * the ſum of ſuch . 


6) tt * — 


— 


— 3 NI gt LITTON 
greffion i is pe by * 1 T =: and therefore 7 1 * as 70 7 | x: 
1＋ 10 100 + (z) i is = ** ſum of all the changes 'of the aer which compoſe 


the ſeries; each term being diftinQly N and <llimated N to its var la- 


ble local value in the ſeries. 


Shs yr 


Let. the fum of all the changes which can be maar * places Y the - of the gon 
prog. I, 1 95 &c. 4% 6 terms, e required. — — 


Here a = 1 1 = 1 = 3, 4 K 65 hence by ſubRitution we have 
(5) = 3? 7-1 X 60 x ; 1+ 194100 (6) = 4853328480. 


Required the produit of 100 terms of the ſeries 28, 23, 25, Kc. 
By comparing the terms, we get þ = 20, 1 g 1, 7. 3, 2 = 100, x = 320, 
leg. # = 1 "3010300, log. x = 2*5051500. Hence A = , B = -, C=, 
E 8 &c. conſeq. (5) = the number of which the com. 


. 2:505150 4342945 4342 130103 4342 
log, is — — — + KC ns ——— + — 
3 7” =. 1 32 ä 555 t ee 3" 
+ —== £1.54 + —= tt - + &c, or 0:408213, = 2˙ 55984, the product of 100 initial 
18˙ 32 9*32 
terms, ; 
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By aſſuming * values for p . r, may the ultimate value of a great variety 
of expreſſions be found by this formula; which is alſo of great uſe in the finding of 
fluents, and im computations relating to curves formed by the ſuſpending of perfectly 
flexible bodies, as the Lemniſcata, Lintearia, &c. and likewiſe to the elaſtic curve, 


the deſcent of a heavy body in the quadrant of a circle, and other phyſical enquiries, 


. "Fo 2 1 | 8 
To exemplify its uſe in the finding of a fluent, let that of „ propoſed.. 
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The ſeries of the reciprocals of 5, 6, &c, ſaQtors are omitted; alſo the Grin of 
fractions of which the numerators are in ith. prog. and denominator 4, 5, &c. 
ſactors; the ſeries of fractions of which the numerators conſiſt of two factors in arith. 
prog. and denom. 4, 5, &c. factors; and thoſe ſeries of Fraftions of which the terms 
are multiplied into a ſeries of powers of a given fraction. Theſe being all thought 
unneceſſary, as they ſeldom occur in the ſolutions of problems; and more ſo, as they 
may each of A methods laid down in the former part of 
this treatiſe. 

Thoſe that would ſee more of the cs of the doArine of ſeries to the ſolution 
of problems, may conſult Vol. I. of Jſaaci Newtoni Opera omnia, by Dr. Horſley ; 
in the Appendix to which (Logi/iica Infinitorum ) are alſo given ſome uſeful * 
for n the arithmetical computations in ſeries. 


133 — — — — —_ 
— — e „ N ® 2 FRE * > r 1 


— 
— 2 us . 
— 


Fd Series which * bien "TOE by the preceding Wund | 


GETS + "+ —_ 22 + the. 


3 105 
2+ EF 2 241 A. 2+3 RTI. 272 


{S) : > Nt nies „ — 
*® & | Mg as, 7 
201. F — — 2 | . TEENS AE &c 
4 THE ＋ 75 3. * . N 7.9 11 0 9.1773 
5— 18 x* 1242 | N Go 44x 2444 


L) = 2 2 1 
(2) mh * 2- 768 + 23870 
* 2 = cite, arc. rad. 1, ſin. x. 


5 7 1 ” ? 3 | 3. 5 | 9.449 | 5 
(© — — . . 
wy (F) 2.3.5 2e4+Z+9 * 2.4.6. 7.13 2.46˙8 917 + 66, 


iz” 4 72 2 wo” | = 7 1 7 
(7) ** x JEDI = which may be reduced by Landen's 


VE. he 
— 
. 


Lucub. p. 146. 


203. F) 0 


. 38 | $7 80 
04. (F) 123 177732 F 3.45 ** 7 x Te ＋ &C 


, 28 | 
205. (F) — — — * +==—x Ir + &. 


206. 


206. C) - St — 5 5 414. oy een wo. if | 7 
„ 1 | 


207 ( ) —_ 22. 7. 0 2 = XU + be, 


| "oF * . 
208, (F) B+ = 5 -U 


2 — 
© TRE 


209, (F) 1+}A+3B+}C+4D+ &. 
(*) 2. 
(8) 2=22=2 „1 = = the tis of 22 terms, £ being the ZF ith term. If 
2 = 1002, (S5) = 1643818. | 
210. (F) ++ $A +7 B+3C+4#D + &. 


($) === 5 — 3, = the ſum of 2—T terms, 5 being the ach term of the pro- 
_ poſed ſeries, If * = 101, (5) = = 11942782; 


(2) . the circumf. of the circ. = ; 


(S) 1 $707963—5X 22 r Fr + 3 re ; 
2 3 


ſum of Z—1 2— 1 terms of the propoſed ſeries, 5 being the th term, and x = 22. 
If z = 1001, we have (S) = 15529544 | 
212. (F — EE ke. 
90 * pope Derr 7 8 * 
(2) 15 circumf, of the arc. rad. Z. 


&c. the 


3 | 
— i þ — + &c. 
K+ 3-5 2.4.5.9 2.4.6.7. 14 
(2) & circumf. of the arc, 4 I. 


- of 8 l 
214 A 57 mu 8 (r) * Re. 


(3) r 


m. mn. m+2n (r— 1) n. 11 8 


2 * 0 ——ͤ —— — . 
1. 272 3.374 5. u+6 


a 


- 
4 
[ 
” 1 
1 
4 
. 
| 5 
: \ 
* 4 
3 
: = 
; b 
 p_ 
11 
14 
: 4 
4 - vw 
7 
[4 
4 z 
an 
1 | 
. 1 
4 
11 
7 
1 
4 
1 
* 
1. 
Fins 
E 7, i, 
ö * 
2 
* 
: —_ 
4, 
1 
SY. 4. * 
— 
7 * 
+ * 
1 L 
7 1 
1 
1 
$. 
" L658 
Ac 
1 
1 
3. 
. TH 
4 > 
? 
10 
11 
. 
Jy 1 oy 
fu, 
* / 
N _ 
2 | 
'L { 
* 31% 
1 4 
, 8 1 
4 Ln 
3 9 
I, 7 oy 
£ 8 » 
: 1 
15 
1. , 
2 
12 ; oy 
1 
15 
i" 
1 
e 
TIE 
: 2 
ſb) 
an 
7 > \ 
"44; * 
EF; 
76 
* 
| LI 
Þ 
Iz 7 
. 1 
1 ; A 
1505 
g Srl 
& | : 
Fit 
$ bt x 
„ d4; - 
ÞP 
+ 3 ol 
. 1 7 
1 114 
1 A 
4 . 
: 17 
\ 
£1. = 
; 45 
N 42 
i 17 
1:8 
: + 
Hi 
17 _ 
| i 
3; $001 
bil! 
4 "7 
145 
4 
6 30 
Lip 
0 


— 3 
—— — 2 
75 


—ͤ—— woe — — 


r 
» 


— 
Roe 
7 


nt 1 n 
* — — — Sr A re 


ach'* 1 H E s nA r 10 


1 1 3 1 3 —1 3. 2— 
(2) 6 E Y | 
6 .n+2 l 1 Zo» 3 I. 3+ 57 


N babe $4: ooaa FW 1 8 n 
216. (F) + = 2+ ©. DISA CPE... IR + & c. 
. I. n+2 4+ #8. . n+8 10. 0 PII | 
| | 414 1—2 12. 2—5 12. - 5. - 8 
| (2) —== = 7 * 3 10.1 + &e. 
12. 142 „1.4 77 9 2 10 2.1. 4.7.10. 3 
L Where u may be any number ſuch that n+1 may be ſome multiple of Z, or 
N of any number in the progreſſion 2, 5, 8, 11, c. 
X 1 21 N. 1—1.1— 2 
, 217. (F) 11341. : wa gs —(n+1). 
| (S) 3 ee a 1 
r — a 
| 218. (F) +5 +5 — + 5 + Ke. 
[ 2) SxL, 23 | FEST - wn 8 
* 3 *Y 8 „ BY : 
i . 219. C = + 27. x+b Parr TD Te * FFartbortecr dn) 
9 K re. Tb. EET 
1 : FE b x 3 c K* 4 45 
. | ( q * ＋ 7ÞFa " 4 1 I & Ta. x Tb. x4 x+a.x+b. ==>) 
. 5 * 
(S) 1 & a. K＋ b. «＋ c (z) : 
* „ a. ar. agrar 
L 221. F) 1 + 2 * n. ur + n. nr. 11217 ＋ &c, 
i: 2) nun- ar | 
Tr. 3 227. 35 2737. 5 
3 | 3 
222. (F). a+b. 5555 rarer 
| a 
0 FO ap: 
1 1 i 1 1 
e r gs + Ke. 
00 st. 


225. (F) 


s 1 TELE uo nx 5 a 1 7 
Pr k 3 9 2 2 ꝙ3ꝙ＋„‚•‚': % wth.” LA 6 * by 2 a 


* . 
% 4 7 % | a - 1 0 =_ * . N — „ 0 avs % Gia 5 Wer : — f * 
* : (3 * 2 Ox. - ' Wh . , . - - 
8 8. « WT 2 & £ 81 k 1 . „ 
, 9 * 4 % RT" * ” «6 4 1 s F'> >< Aw 0 . 
(EZ — | . 2 
2 6 * „3 e - td = . 4 9 # 
. Ld. a... EEE. EIS ** 
; I x OY OT OI EN | 
* 


. 
T 93 2851 — 


— 
* 9 . * ©. « * 
7 20 F 1 _ ? os F. 7 N 1 y 4 2 * 7 , 
- ö * << ts» idea r * * * — * * —— anon Py F © % 
r Gt ob mm \ = ©) 
. . L 5 a 4 — - —— — * * , CY - 
1 ——— : ö 2 as ' "of 8 * : . F * Ly IF" © 4 
* — 5 « x ug : i p 


as , 1 : 
* - 
% 22 1 „ * % * . - 37 ..0 „ me _—_— _— 10 
L | » * — 
a* * A * 
1— e's | 
4 * 


— 


When the ſigns of this ſeries are anz the futon 8 be exhibited by any 
finite expreſſion whatfoever. © And when * is very nearly equal to 1, it converges ſo 


ſlowly, that the common formulz for: this purpoſe-are of little fervice. Mr. Maſeres 


has therefore lately inveſtigated an expreſſion which gives a very near value of the 
ſeries in this caſe; the arithmetical computation whereof he effects by means of a 


Property of the n curve, See Philoſ. Tranſ. Vol. LXVIII. art. 41. 
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As theſe laſt ſpecies of ſeries ſeldom admit of any finite expreſſions for their f ſums, 
the general method is therefore by approximation; which may be always « effected by 
the theorem in Order 48. or by N* 251, 252, 453 · whien the terms of the propoſed 
ſeries are reduced to their ſimpleſt form. And to theſe ſeries js alſo Dr, army 8 
Nova Methedus Differentiurum at whe latter end of u Medir. Lnahtice' pattieul; rly 
applicable, . 

It may not be amiſs now by way of concluſion uſtto-point out to the reader the 
various proceſſes whereby the ſummations of 1 are generally obtained, that in 
caſes where he may not fall upon a. method of redudtion to any of the preceding 
fo: ms, he may avail himſelf of them in applying one or other of the modes of inveſti- 
gation. The Bernoullian method, Which is the moſt ſimple, is. performed by aſ- 
ſuming a ſeries ſuch, that being ſubtrafted from itſelf, the remaining ſeries ſhall 
coincide why that e to be ſummed, by tranſpoſing the negative terms. 
ind ee which is then equated to 0, | and the negative terms cranſpoſed, 
Theſe two methods are illuſtrated in p. gt, &. and fot other examples ſee 
De Moivre's Miſcell. Analyt. lib. 6. cap. * of: Na Hh 8 De Bui Seriebus, 
p. 389. = 

Another method of 3 which is a very 6% one, is by fuming a 
ſeries which is eompoſed of the / powers of an indefinite quantity and known coeffi- | 
cients, and of which the ſum 1s exhibited by a finite expreſſion, Both ſides of the 
equation are then multiplied hy ſuch an aſſumed expreſſion, containing the fluxion of 
the indefinite quantity, that may be conducive to redueing the aſſumed ſeries to the 
ſame form with the propoſed one, by taking the fluents of the terms; and this opera- 
tion may be repeated by other aſſumed expreſſions, if the coefficients of the propoſed 
ſeries conſiſt of two or more factors. Various examples of this method may be ſeen 
in the before mentioned authors. The ſolution of the i 3ch queſtion in the Ladies“ 
Diary 1780, by Mr. William Sewel, is an excellent illuſtration of this procedure. 

If the propoſed ſeries contains the ſucceffive powers vf ſome given quantity, the 
ſummation may often be elegantly deduced by multiplying reſpectively the terms of 
the ſeries by thoſe of an aſſumed one which conſiſt of the correſponding powers of an 
indefinite quantity, and equating the whole to another indefinite or unknown quan- 
tity. Then taking the fluxion on both ſides the equation, and tranſpoſing, there 
ariſes a fluxionary ſeries, the fluent of which may generally be exhibited in a finite 
expreſſion; and therefore the value of the indefinite quantity to which the ſeries was 
equated become known, and of courſe the value of the propoſed ſeries in finite terms 
by ſubſtituting for the indefinite quantity ſuch a value as may reduce the ſeries of 
which the fluent is taken to that propoſed to be ſummed, By this proceſs are the 


ecumenical formulz inyeſtigated in the former part of this treatiſe, The Rev. Mr. 
; Crakelt 


— 
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Crakelt has alſo made uſe of a fimilar method in the ſolution of queſt. 55. Brit. 


Oracle, p. 240. 
There are various other methods of Sas the ſummations of ſeries; ; as Stirling's 


Differentials ; Taylor's, Simpſon's, and Emerſon's Increments ; the latter of which 


is very extenſive, and applicable to almoſt all orders of ſeries, but very operoſe in its 
computations. And in the works of the authors I have mentioned in this treatiſe, 


may be met with various ſingular and peculiar proceſſes for the ſumming of certain 
kinds of ſeries, all which are well worth the reader's peruſal, if he be defirous of being 


thorou ghly acquainted wk this extenlive branch of the analytic art, 
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Page vi. J. 22. r. becomes, p. 15. J, 2. . from * r. neque, p p. 1 78 . laſt, for obſer ping 
to correct the fluents if need, : r. the Puents hui, being reftified by Halli, p. P. 2 3. l. 18. 
r. logarithms, p. 26. for L. I Tæ, r. 2 L. Ic, alſo for L; 2, r. L. 2 p- 42. 


1 
4 


J. 2. from b. dele pairs of, p. 43. I. 2. for A, r. F, p. 44. l. 10. in the expreſſion 


19 


M, for gs, r. ng, p. 50. . 10. dele p ** J. 11. r. — 108 8 
. 1 Y 


and |, 6. from b. and the following lines, for 1, r. , p. 79. I. 6. from b. for 


a 
rad — r. tang. = p. 89 . 4. for x in the numerators, r. progreſſively, 1, 2, 3, 4, 


Ke. p. 93. 1. 4. r. terms, p. 96. 1, 11. for ſum, r. ſummation, p. 148. I. 6. from b. 
for even, r. whole, alſo in p. 149. 1. 9. r. whole, Example to N' 39. in the denom. of 
the 4th term, for 1g r. . Sheet M is by miſtake paged as the preceding one, the 
pages are therefore diſtinguiſhed by an aſteriſm in the reference. 


As Mr. Lorgna has not reviſed his Treatiſe, it may be neceſſary to point out the 
principal typographical and other Errors therein, that whoever has the Curioſity to 
compare the Original and Tranſlation, may be apprized of th e Corrections. 

Page 23. Examp. 4. the ſigns of the propoſed ſeries ſhould be alternately + and —, 
p. 32. I. 7. for x, r. 1, and J. 9. for p49, r. þ+24, P. 34. I. 15. r. 16 1, p. 41. I. 3. 
r. 1+x in the denominator, p. 50. |. laſt for 1 — 2, r. 1955, p. 52. 1. 8. for 274 
r. 2%&Z, p. 55 the expreſſion C ſhould be as in art. 55. of the tranſlat. p. 67. the 


numerators of the terms ſhould be N a+b, a1 23, a+3b, &c, a+zb, 
2 I 3 
22+ 2 1 227 35 P. 1 I. 10. for p+ 39, r. p+29, 


p. 82. I. 11. for 5 r. 8 T 10. In Examp. 4. p. 83. T is equal , which is 


p. 72. I. 12. for 


omitt:d, p. 87. in the expreſſion Q for 950 r. qnswn, p. 91. J. 2. r. M, M, alſo in 


p- 92. r. M, M, p. 96. 1. 14. for 9+24, r. p 29, p. 97. in Q for t+2, r. uz. 
The ſums of the following ſeries will be found as in the tranſlat. Luut 23 P. 47. 
Ex. 3. P · 48. Ex. 4. p · ib. Ex. 5. P. 93+ 
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